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Abstract. A new two-phasdheoryemploying a nonequilibriumrelationbetween
interfacial surfaceenepy, pressureandviscousdeformationBercovici etal., this
issue]providesa modelfor damaggvoid generatiorandmicrocracking)andthus
a continuumdescriptionof wealening, failure, andshearocalization. Herewe
demonstratapplicationsof thetheoryto shearocalizationwith simpleshearflow
calculationgn which one phase(the matrix, representingfor example,silicate)
is muchstronger(moreviscous)thanthe otherphase(the fluid). This calculation
is motivatedas a simple model of plate boundaryformationin a shearzone.
Evenwithout shearthetwo phasesventuallyseparatelueto gradientsn surface
tension.However, theinfluenceof shearon phaseseparations manifestin several
ways. As shearvelocity increasesthe separatiorrate of the phasesncreases,
demonstratinga basicfeedbackmechanism:Accumulationof the fluid phase
causedocusedweak zoneson which shearconcentrates;ausingmore damage
andvoid generatiorandthusgreateraccumulatiorof fluid. Beyonda critical shear
velocity, phaseseparatiorundegoesintenseacceleratiorandfocusing,leadingto
a “tear localization” in which the porositybecomesearlysingularin spaceand
grows rapidly like atearor crack. At anevenhighervalueof sheawelocity, phase
separations inhibited suchthat shearlocalizationgives way to defocusingof
weakzonessuggestie of uniform microcrackingandfailure throughouthe layer.
Our two-phasedamageheorythus predictsa wide variety of shearocalization
and failure behaior with a continuummodel. Applicationsof the theoryto
variousfields, suchasgranulardynamicsmetallugy, andtectonicplateboundary

formationarenumerous.

1. Intr oduction

A wide varietyof solid materialsdisplaystronglynonlin-
earrheologicalbehaior in thatthey undego severeweak-
eningunderdeformation. Suchwealeningoften leadsto a
feedbackmechanisnwhereindeformationor shearconcen-
trateson the weakzone(beingmosteasilydeformed) caus-
ing furtherwealening,andthusmorefocusingof shear This

! Now at Departmenbf GeologyandGeophysicsYale University New
Haven,Connecticut.

phenomenoris widely referredto assheardocalizationand
is apparentn mary field of physics,ncluding,for example,
metallugy [Lemondsand Needelman1986], rock mechan-
ics [Poirier, 1980; Jin et al., 1998,andreferencesherein],
granulardynamicge.g.,Scotf 1996;Géminad etal., 1999,
andreferencesherein],andglaciology[e.g., Yuenand Scu-

bert, 1979]. Oneof the mostfundamentamanifestation®f

shearocalizationarisesfrom the coupling of viscousheat-
ing andtemperature-dependernscositywhereinthezoneof

dissipatve heatingwealensand thus focusesdeformation,
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leadingto furtherheatingandwealening;this mechanisnis
thoughtapplicableto problemsin metalwealening, glacial
suiges, and lithospheredynamics[Sdubert and Turcotte
1972; Yuenand Scwubert 1979; Poirier, 1980; Balachan-
dar et al., 1995; Bercovici, 1996; Thatder and England
1998]. In granularmedia,localizationis dueto dilation of
the mediumleadingto effectively wealer rarifed zonesthat
concentrateleformationwhichin turn agitategshe medium
causingfurther dilation [Géminad et al., 1999, and ref-
erencestherein]; this phenomenoris of potential impor-
tancein earthquak dynamics[Scotf 1996; Marone 1998;
seealso Seyall and Ricg 1995; Sleep1995, 1997]. An-
othersheatocalizationmechanisnarisedrom thereduction
of grain size understressin solid-statecreepmechanisms
which have grain-size-dependeniscosities(i.e., grain re-
ductionleadsto zonesof weaknessvhich concentratede-
formation,increasingstressandthusfurtherreducinggrain
sizeandenhancingvealening); this mechanisnis thought
to bea basicingredientof crustalandlithosphericdeforma-
tion [Karato, 1989;Jin etal., 1998;Kame/amaetal., 1997].
Finally, materialthat undegoesbrittle or combinedbrittle-
ductile deformationcan, with large strain, experiencecon-
centrationof microcrackand void populationsdeveloping
weak bandson which deformationfocuseseadingto fur-
thercracking,weakening,andinvariably shearocalization;
this phenomenomccursin the procesf dilatantplasticity
[Lemondsand Needelman1986; Mathur et al., 1996] and
possiblythroughmuchof the crustandlithospherg Kohlst-
edtetal., 1995;Evansand Kohlstedf 1995;Lodkner, 1995;
RegenauerLieb, 1998].

At the largestscale,shearlocalizationis proposedo be
crucialfor the generatiorof tectonicplatesfrom a corvect-
ing mantle,for which mary of the mechanisméstedabove
are potentially important[Bercovici, 1993, 1995a,1995b,
1996,1998; Tackley, 1998,2000] (seereview by Bercovici
et al. [2000]). The longevity of plate boundarieqGur-
nis et al., 2000], and the inferencethat much of the litho-
sphereundegoescombinedbrittle-ductilebehavior [Kohlst-
edtetal., 1995;EvansandKohlstedt,1995] hase motivated
some[Bercovici, 1998 Tackley, 1998]to considerthatthe
primarywealeningmechanisnthatleadsto plateboundary
formationis dueto damagethatis, void andmicrocrackfor-
mation. Suchdamages assumedo be excitedor controlled
by the stressstateor deformationalenegy of the system
[e.g., Lemondsand Needleman1986; Povirk et al., 1994;
Lyakhossky etal., 1997;Bercovici, 1998]. In mary damage
treatmentshephysicsof fractureanddefectformationis pa-
rameterizedoy an internal structuralquantity e.g.,density
of defectsthatrepresentshe stateof damageof the mate-
rial andis henceoftenreferredto asthe “damage”parame-
ter. This quantityis assumedo be anadditionalthermody-
namicstatevariable[ Ashbyand Sammis1990;Hansenand
Sdreyer, 1992;Lemaite, 1992;Lodckner, 1995;Lyakhossky
etal., 1997]thatcontrolswealeningof the material.

In our approachratherthan assumethe existenceof a

structuralor damagevariable we employ two-phasehysics
and interface thermodynamicgo incorporatethe essential

underlying physicsof void and microcrackformationinto
continuumtheory At a mostfundamentalevel the enegy
involvedin damageopr, in particular the generatiorof mi-
crocracksandvoids, is associatedvith surfacefree enegy
createcbntheboundarybetweerthevoid andthehostmate-
rial [Griffith, 1921;Jaeger and Cook 1979;Atkinson 1987;
Atkinsonand Meredith, 1987]. At a minimum, a material
with voidsis a two-phaseamixture (assuminghe hostmate-
rial andthesubstancélling thevoidsarebothhomogeneous
matter);hencethe surfaceenegy in questionis thefreeen-
erngy existing at theinterfacebetweerphasesin thefirst pa-
perof this seried Bercovici etal., thisissue],(hereinaftere-
ferredto asBRS1),we establisha continuumtheoryto treat
two-phasemotion accountingfor the creationof interfacial
surfaceenegy. In thesecondhapefRicard etal., thisissue],
(hereinafterreferredto as RBS2), we examin applications
of this modelto problemsof deformationand compaction
andto gravity-inducedsettlingwhensurfacetensionis sig-
nificant. In this final paperwe examineapplicationsof the
BRS1theoryto damagendshealocalization.In particular
thetheorytreatsthe generatiorof interfacial surfaceenegy
throughdeformationalwork, leadingto formation of inter-
facialareaby void nucleationandgrowth. Theinducedvoid
densityor porosity is thus the expressionof damage,and
regionsof highvoid densityarestructurallywealened Jead-
ing to concentratiorof deformation,further damage(void
generation)wealening,and,invariably, sheadocalization.

2. BasicTheory

BecauseBRS1 derived the completetwo-phasetheory
we only briefly presenthe governingequationgor the pur-
poseof referencing. Subscriptsf andm referto fluid and
matrix phasestespectiely. All dependenvariablesarenot,
in fact,truemicroscopiocquantitiesbut areaveragedverthe
fluid or matrix spacewithin small but not necessarilyin-
finitesimalcontrolvolumes(seeBRS1). Moreover, all equa-
tions areinvariantto a permutationof subscriptsf andm
and, implicitly, a switch of ¢ and1 — ¢, where¢ is void
or fluid volumefraction, or porosity; this propertyis called
“materialinvariance”(BRS1).

1. Consenration of massyields two equationsnvolving
transporwof thefluid andmatrix phases:

SV [pvi =0 @
W9 v ja-gval=0, @

ot
wherev; andandv,, arethe fluid and matrix velocities.
Alternatively, (1) and(2) canbecombinedo yield equations
thatdescribetransportof porosityandcontinuity of average
velocity, respectiely,

a9

o TV Vo=V [(1 - $)AV] ®)

V-v =0, 4
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wherethe averageanddifferenceof any quantityq arede-
finedas

q= ¢qf + (1 - ¢)Qm7

respectiely.
2. Themomentumor force balanceequationsalsoyield
equationglescribingthe dynamicsof thetwo phases:

Aq = gm — gy, 5)

0=—¢[VP;+psgz] + V - [¢1]
+ cAv + ¢[APV ¢+ V(oa)] (6)

0==01-9)[VPn+pmg2] +V -[(1 - @)1,]

— cAv + (1 - ¢)[APV¢+ V(oa)], @)

whereP; and P,,, arethefluid andmatrix pressuresy; and
pm arethe fluid and matrix densities,both assumedo be
constant;

Tp= Uy [V"f + Vst - ;(V : Vf)l] (8)

2
T = Bm [va + [Vvn]t - g(V . vm)l] 9)
are the fluid and matrix deviatoric stresses¢ is a coefi-
cientof proportionalityfor theviscousinteractionforcesbe-
tweenthe phasesg is the surfacetensionwhich is possibly
temperature-dependent,

a = O‘o(pa(l - ¢)b

is the porosity-dependenhterfacialareaper unit volumein

which a, is a constanwith unitsof m—!, ¢ andb arecon-
stants< 1, andda/d¢ is theaveraganterfacecurvature(see
BRS1for adiscussiorof the propertiesof theinterfaceden-
sity). Equationg6) and(7) canbe combinedinto a mixture
anddifferenceset:

(10)

0=-VP+V.-T-pgz+ V(ca) (1)
0=—¢(1—¢)[VAP + Apg2]
+ V- [p(1-¢)AT] -7 -V —cAv. (12)

3. The enegy equationis separatednto two coupled
equationgepresentingl) theevolution of thermal(entropy-
related)enegy, and(2) the rate of work doneon theinter-
faceby pressuresurfacetension andviscousdeformational
work:

_ﬁT D [do
T TD_t (d—Ta) =@—-V-q
Do\>
+ B (Ft) +(1-/f)" (13)

D¢ Da _ Do\’
AP— +6— =fU—-B (E) , (14)

where T' is the temperaturg(assumedhe samein both
phases)() is anintrinsic heatsource,q is an enegy flux
vector (accountingfor heatdiffusion and possibly enegy
dispersionseeBRS1),and

U =cAv’ +¢Vvy:T;+(1-¢)Vvy:1,, (15)
(whereAv? = Av - Av) is theviscousdeformationaivork,
afraction f of which is partitionedinto storedwork (in this
modelstoredasinterfacesurfaceenegy) while the remain-
ing partgoestoward dissipatve heating[ Taylor and Quin-
ney, 1934;Chrysotioosand Martin, 1989]; seeBRS1for a
discussiorof thepartitioningfraction f. Thequantity B has
units of viscosity andthetermassociatedvith it represents
irreversibleviscouswork doneon poresand grainsby the
pressurdifferenceA P during compactionor dilation (see
BRS1andRBS2).Simplemicromechanicamnodels(BRS1)
suggesthat
(//'m + /“f)
p(1—9)’
where K is a dimensionles$actoraccountingfor pore or
graingeometryijt istypically O(1) (seeBRS1).Theaverage
heatcapacitypervolumeof the mixtureis

B =K, (16)

pc = ¢pscy + (1 — @)pmem (17)

(wherecy andc,, aretheheatcapacitieof thefluid andma-
trix), andthe materialderivativesin (13)and(14) aredefined
as

D 0
Z Y . 1
Di 6t+v v (18)
D 1 Dy D,
Di ﬁ (¢PfoD—t +(1_¢)pmcmD—t) (19)
in which
Dy 0 D, 0
E—a‘FVf'V, D—t—a-va V. (20)

Relation(14) canbe considereda nonequilibrium,mix-
ture proxy for the stresgump conditionacrosshe interface
betweermphasegseeBRS1for furtherdiscussion)giventhat
theinterfacelocationandorientationcannotbe known in a
mixture theory However, this relationwith f¥ > 0 also
describeghe depositionof deformationalwork as surface
enegy; asmoredeformationalvork is imposedmoreinter-
facial surfaceareais createdto storethe enepy, generally
leadingto growth in void densityor porosity Throughout
this paper for the sale of brevity, we referto theapplication
of viscousdeformationalwork to the generatiorof surface
enepy (i.e.,casewith f > 0), thusleadingto growthin in-
terfaceareaandvoid density as“damage”,althoughstrictly
speakingthis may not be the samedefinition of damageas
usedelsevhere[Ashbyand Sammis 1990; Lyakhossky et
al., 1997;seeLemaite, 1992; Hansenand Schreyer, 1992,
andreferencesherein]. We will examinea few simpleone-
dimensiona(1-D), time-dependergcenarioso illustratethe
basicphysicsof shearocalizationthroughthe damagepro-
cessas predictedby this theory Presentlywe will assume
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Figure 1. Sketchof modelgeometryfor one-dimensional
shearand self-separatiorcalculations. Dimensionalvari-
ablesare shovn. After nondimensionalizatiory = +L is
replacedby y = +100 and+V,, is replacedcby +U.

thato is constantsuchthattemperaturé’ hasno influence
on thedynamics.We will considethermaleffectsin future
papers.

We will first examinethesimplestpossiblephysicsof un-
forced phaseseparatiorin the absenceof damage(f¥ =~
0), a processhencecalled“self-separation”. Although this
problemdoesnot explicitly pertainto damageandshearo-
calization,it is importantto examineasa startingpoint for
understandinglamageprocesses.

Last, we will examinethe influenceof shearand dam-
ageor deformationalvork (f¥ > 0), which leadsto highly
acceleratedeparatiorof the phasestesultingin wealening
and enhancedshearover concentration®f the fluid phase
andthusa runavay shearocalization,termeda “tear local-
ization; suggestie of crackformation.

3. General One-DimensionalEquations

Ourmodellayeris infinitely longin thez directionandis
2L wide,goingfromy = —L to + L (Figurel). Thebound-
ariesareimpermeablendno slip andmove in the z direc-
tion with equalandoppositevelocitiesof magnitudé/, ; thus
aty = L, vy, = vy, = £V, andv,,, = vy, = 0. (For
self-separatiorthe z componenbf the boundaryvelocities
is irrelevant.) In someinstanceswe consideraninfinite do-
main (L — oo) for which theseboundaryconditionsrequire
someadjustmentithesecaseswill be discusseds needed.
We specify that all dependenvariablesdependonly on y
andtimet.

Becausethe systemis one-dimensionahnd the bound-
ariesaty = L arerigid (i.e., v, = vy, = 0 atthebound-
aries,or asy — +o0), the continuity equation(4) becomes

pvy, + (1 = ¢)um, = 0;if ¢ # 0, thenwe obtain
vy, = — 1 ; ¢vmy, Avy = v, /¢ . (21)
Massconseration(2) (or (3)) yields
dp 0 3
i 8_y[(1 })Vm, - (22)

Our layer is assumedo be in the horizontalz-y plane
suchthatgravity doesnot appeaiin therelevantforce equa-
tions. We alsoassumethat 1y < p,,, and that the fluid
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macroscopicstressesare ngyligible relative to other fluid
forces;thuswe ngglect ; but retaininterfaceforce terms
proportionalto cAv. Giventhe formulafor ¢ in the limit
tr < pm [s€€BRS1;McKenzie 1984; Spiggelman 1993a,
1993b,1993c],we obtain

_ e
koo™’

(23)

wherek, is areferencgpermeability;adoptingthe common
andsimplifying assumptionthatn = 2 (whichis really only
valid for smallporosities)c = ps/k, is aconstant.

With theabove assumptionshe 2z componenbf the fluid
force equation(6) yields cAv, = 0, which implies that
Vs, = Up, throughoutthe medium. The x componenif
thematrix force equation(7) becomes

0 avmm

-9 (2

Theonly equatiomecessaryo describeheforcebalance
in they directionis (12), which,with theaboreassumptions,
becomes

A 6m m
0=60-0)25 + Jumo g [(1- ) Fpe]| -t
(25)

Assumingthate is constantthefinal necessargquation
is (14),which,with ourassumptionsofar, becomes

do pm 00\ 8¢ _
(AP+ad¢+K0¢( ¢)6t)§‘f‘1” (26)
where
1)2 OV, 2y v, 2
v=cgp tum=9) l( dy ) +5( dy ) ]
(27)

We must also considerthe specialsituationof ¢ =
(since(21)—(27)arevalid for 0 < ¢ < 1). In this caseand
given our assumptionso far, (4) becomesAv,0¢/0y =
Ovm, [0y. However, since¢ = 0 is the minimum value of
¢, 0¢/9y = 0 wheng = 0, andthusdv,,, /0y = 0; also,
with therigid boundariesy,,, = 0 when¢ = 0. Thesetwo
constraintonv,,, leadto d¢/dt = 0 (from (22)). Thesere-
lationswouldthenreplacg(22) and(25) astherelevantequa-
tionsfor thecasep = 0. Similarconditionsexistfor thecase
¢ = 1, assuminghatour basicapproximationge.g. thatz
is nggligible) areapplicablein this limit.

To nondimensionaliz¢éhe governingequationswe usea
lengthscaleR thatis characteristiof the width of thefluid
zoneuponcompletephaseseparatiorfor the sumof all fluid
zonewidths if thereare multiple regions of phasesepara-
tion). We do not choosethe layer width L as our length
scalesince we considersome casesinvolving infinite do-
mains,i.e., L — oo; in thesesituationswe assumehat a
finite amountof fluid is presentand thus the width of the
zoneof separatedluid is finite. We alsodo notusethe com-
pactionlength\/4u.,, /(3c) (seeRBS2)asour lengthscale
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sincewe wishto varytheresistanceo Darcgy flow character

izedby the coeficientc. We thusassignR to be characteris-

tic of the half width of thefluid zoneandthereforeconsider
two possiblecases:

1. If thelayeris finite, thenthe half width of the fluid

zoneis
1 [t

5[ ddu=L(o) 28)

2
where(¢) is thevolume-areragedorosity Ratherthanpre-
scribe(), we assumet is typically of order10=2 andthat
thecharacteristiscalefor the half width of the fluid zoneis
R = 10~2L. Thislengthscalewill beappliedto mostof our
cases.

2. Whenthe layer s infinite (L — oo), we mustalter
the definition of R slightly. In this situationwe assumehat
¢(y) is well behavedasy — +oo, thatis, it decaysovera
finite width & which we referto asthe scalewidth of ¢. The
scalewidth  canchangein time asthe peakporositygrows
or decays.The half width of thefluid zoneis then

1 [t x
5 / ¢dy = ndmin’

wheren is adimensionlessonstants 1 (anddeterminecdy

the shapeof the function ¢(y); seesection4.3.1in which

one obtainsny = w/2), while 8. iS the minimum allow-

able porosity scalewidth obtainedwhenthe peakporosity
reachesl; 4., is thereforeapproximatelyequalto the half

width of the fluid zone. Thus, in this situationwe choose
R = .

In both of the above casesthe lengthscaleR is charac-
teristic of thefluid zonehalf width, andthusall modelsitu-
ations whetherthedomainsarefinite or infinite, arecompa-
rably scaled.

With thenondimensionalizatioaof distanceby R, time by
4um /(30a,), andpressurdy oa,, thegoverningequations
become

dp 0

(29)

i 6_y[(1 — p)w], (30)
0 ou
0= a-03]. (31)
OAIl 0 ow w
0=-s1-9 220 +o [a-95"] 2%, @2
da' Kk 0\ 0o .,
(am+ s s ) - @
where A
w0) = [ o) (34
arethedimensionlessnatrix velocities,
All = AP (35)
oa,
is thedimensionlespressurdifference,
;o w? 3 (Ou\” ow\>
¥ AL (-9 [z (8_y) t (8_y) ] (36)

Table 1. Key Dimensionless/ariablesand Parametergor
the One-DimensionaModel

Variableor Description Defining
Parameter Equation
1) porosity (30)
u x (along-channelyelocity (31),(34)
w y (cross-channelelocity (32),(34)
AIl matrix-fluid pressure (33),(35),

difference (59)
g rateof deformationaivork (36)
o' (P) interfaceareaperunit vol- (37)

ume(da’ /d¢ equalssum

of interfacecurvatures)
G(9) coeficientfor surfaceten- (43)

sionforce (proportionalto

—d*o/ [dg?)
Do () peak¢ (for amplitude (47)

analysis)
Wo(t) peakw (for amplitude (50)

analysis)
o(t) = porosityanomalyhalf width  (47),(49)
1/®0(t) (for amplitudeanalysis
a,b interfaceareaandcurvature  (37)

exponentgcontrol

dependencef o’ on¢
A Dargy resistanceoeficient  (39)

(relatedto compaction

length)
K coeficientfor viscous (16),(38)

resistanceo

compaction/dilation
U imposedshearvelocityin (40)

z direction
f partitioningfraction of (33),(58)

deformationaivork

appliedto interface
r* maximumvalueof f (58)
y controlsdependencef (58)

fonde/ot
v proportionalto f*U? /v (62)

(scalingparametecontrol-

ling thedependencef

damageon U, f* and~)

o = afa, = ¢*(1-¢)", (37)

Kk = 3Ko/4, (38)
3cR?
A= T (39)

which containsinformation about the compactionlength
VApm/(3c) [seeRBS2; McKenzig 1984]; seeTable 1 for
summaryof dimensionlessariablesandparameters.

For finite layersin which R = 10~2L, thedimensionless
domainis givenby —100 < y < 100, andthe boundary
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conditionson velocity arenow

A Vo
3Roa,

w=0 wu=xU== (40)

aty = £100. For infinite layers(L = oc andR = 4,,,)

we obtain—oco < y < oo andw — 0 asy — =+oo; the
boundaryconditionson u requireslightly morediscussion,
which we deferto section5.3.1.

4. Self-Separation

In this paper shearocalizationoccursbecausevith im-
poseddeformatiorthefluid andmatrix separatérom anini-
tially homogeneousnixture and the concentratiorof fluid
causes weakzoneon which shearfocuses However, even
without imposedsheay the phasesundego unforcedself-
separationn the presenceof surfacetensionand porosity
gradients. For example, a positive porosity anomalyhas
a smaller averageinterface curvature da/d¢, and thus a
smallersurfacetensionforceactingon thefluid, thanin sur
roundingareasThiscausesfluid pressurdow in theporos-
ity anomalywhichtherebyattractamorefluid, causingnfla-
tion of the porosity anomalyand self-separationThe self-
separatioreffectis alwayspresentandin mary ways,shear
anddamagemerelyactto acceleratéhis self-separationlt
is thereforemportantto elucidatethe physicsof simpleself-
separation.However, it shouldbe understoodhat the self-
separationnstability describechereinis neitherdirectly re-
lated to, nor offsets, the stabilizationof crack and bubble
nucleationby surfacetension;in the former casethe insta-
bility essentiallyinvolves coalescencef preeisting fluid
bubbles(or matrix grains)asoccursin oil andwater (sans
gravity), while thelatter reflectsthe additionalwork neces-
saryto grow or nucleatenew bubblesor cracksbecausef
surfacetension(this effectis explicitly in thetheorythrough
(14)). Differentaspect®f self-separatioeffectarealsodis-
cussedn RBS2aspertinentfor percolationrandcompaction
problems.

4.1. SpecificEquations

For simpleself-separatiomnve assumehatdamageor de-
formationalwork on theinterfaceis negligible comparedo
surfacetensionandpressurevork, (f &' ~ 0), in whichcase,
(33) becomes

_do' k09
d¢ ~ $(1—¢) ot

(assumingthat (33) holds for all 9¢/dt); notethatin the
limit of static equilibrium 8¢/0t — 0, (41) recoversthe
Laplaceequilibrium condition for surfacetensionAIl =
—da'/d¢, where da'/d¢ representsinterface curvature.
Sincef ¥’ is neglectedthex componenbf velocityu hasno
influenceon the dynamicsof separatiorandthusthereis no
externalforcing of phaseseparationit is thusunnecessary
to solve (31), andall solutionsarethereforeindependenof
theboundaryvelocity U.

Al = (41)

Apartfrom themassconserationequation(30), theonly
relevantequationis obtainedby usingtheforcebalancg41)
to eliminate AII from (32) (and multiplying the resulting
equationby ¢(1 — ¢)) to yield

0=—G(¢)g—j o0 —¢)§y [(1 —¢)2—Z]
20 20 L 9]\
Rt - 0P o S M- o, (42
where
G(¢) = ¢*(1-¢)"{a(1—a)+(a+b—1)[2a— (a+D)¢|¢}.

(43)
As notedby RBS2 thequantityG(¢) is positive for all a, b,
and¢, given0 < a,b, ¢ < 1.

4.2. Linear Stability Analysis

We next examinetheinitiation of self-separatiofrom an
infinitesimal perturbation. We prescribethe mediumto be
finite (100 < y < 100) andto have a static basicstate
(w = we = 0) with constaniporosity¢,. Including pertur
bationsto this basicstate we write porosityandvelocity as
¢ = ¢ + €1 andw = ewy, respectiely, wheree < 1.
Thus(30) and(42) becometo ordere!,

01 _ (1 _ 4 y0u1
== (44

2
0= ~Go S+ duli+ o)1 — o) G5t = X1 =,
(45)

whereGy = G(¢o), andwe have used(30) to eliminate
0¢/dt from (42). Assumingboth ¢, andw; go ase®*v+st,
we arrive ata dispersiorrelationfor the growth rate

i Gok?
"~ o(k+ o) (1 —go)k?+ X

Given that G, is greaterthan 0, the growth rates > 0,
andthusall perturbationsare unstable. However, thereis
no one maximumgrowth rate s at a finite value of & and
thusno leaststablemode. Neverthelessthereis somescale
selectionbecausehe function s(k) actsasa high-pasdil-
ter; thatis, all modeswith k > \/A/[do(k + ¢0)(1 — ¢o)]
arepreferredsincethey grow at the maximumgrowth rate
Go/[po(k + ¢o)(1 — ¢o)], while modes with

k < +/A/[¢o(r + ¢0)(1 — $o)] grow much more slowly
andwill be effectively “filtered out” Thus,if A < ¢o(k +
¢0)(1 — ¢9), essentiallyall modeswill grow equallyfastat
the maximumrate;in this case thereis effectively no resis-
tanceto Dargy flow andfluid canbedravn from ary distance
(i.e., the compactionlengthis effectively infinite). An in-
creasén thevalueof \ causesongerwavelength(smallerk)
perturbationso befilteredoutrelative to shorterwavelength
featuresithis procesgeflectsthe fact thatthe greatermresis-
tanceto Dargy flow precludesmigrationof fluid over large
distancessuchthat fluid is only dravn from within a finite
compactionength/4u.n, /(3c). (SeeRBS2for furtherde-
tails aboutcaseawith finite \.)

(46)
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4.3. Nonlinear Solutions

In this sectionwe seeknonlinearsolutionsto our one-
dimensionalsystemof self-separation. We first examine
somesimple analytical relationshipsfor the amplitude of
nonlinearsolutionsandtheninvestigatesomenumericalso-
lutionsto thefull equations.

4.3.1. Amplitude analysis. An approximatesolution
for thegrowth in amplitudeof a porosityanomalycanbeob-
tainedby assumingormsof solutionswith the propersym-
metryaboutthemidplaney = 0. In particular If ¢ isaneven
function of y andmaximumaty = 0, thenself-separation
will occur suchthat matrix material flows away from the
planeaty = 0, while fluid flows toward it; in this case,
w would be an odd function of y (positive for y > 0 and
negative for y < 0). We assumehatthe porosityanomaly
variesin y only over the (dimensionless$calewidth ¢ with
aself-similarshapefor simplicity, we assumehat

__ %@
S 1+y?/e2(t)

althoughothersymmetridunctionswouldalsosufice. Since
we prescribeg(y) to be self-similar varying over only one
lengthscaled, we mustprecludetheinfluenceof otherlength
scales. To this end, we assumean infinite domain, i.e.,

—o00 < y < oo, andaninfinite compactionlength, i.e.,

A & 0, suchthatno additionalscaleselectionoccursat the
onsef theself-separatiomstability (seesectiond.2onlin-

earstability). Thescalewidth § is notconstantthatis, asthe
porosityamplitude®, grows,é mustshrinkin orderto con-
sene massjndeed by fluid massconseration,

¢ (47)

+oo
/ d(y)dy = 7®,(t)d(t) = const.

— 00

(48)

Themaximumallowablevalueof @, is 1, atwhich pointthe
minimum obtainedis also1 (having, with our infinite do-
main, nondimensionalizetengthsby the dimensionaimin-
imum scale-widthd,,,; seesection3). Therefore,by (48),
®,(t)6(t) =1, or

(49)

We assumehatthedependencef w ony/§ alsofollows

a self-similarshapethatvanishesaty = +oo; however, the

shapeof w may be slightly more complex thanthat of ¢.

In the simplestexample,if thefluid momentunmequationre-

ducedto Dargy’s law (correspondindo the assumptionsf

wy < py andweakcompaction/dilationd¢/0t < 1), then

in our 1-D system,w ~ ¢?dI1;/dy, wherell; is the di-

mensionlessluid pressure.If we crudely assumethat the

fluid pressureanomalymirrors the porosity anomaly(i.e.,
Iy ~ (14 y?/6%)~1), thenwe canwrite

Woy/d

RN eSOt e

suggestinghat|w| decayswith |y| morerapidlythandoese.

With signficantcompaction/dilation(nonnegligible d¢/dt)

the relationfor w is only slightly more complicated. Thus
for the sale of simplicity, we continueto employ (50).

If we substitute(47) and(50) into (30) andinto 9/dy of
(42) (wherethey derivativeis takensothatthetermsin (42)
areevenabouty = 0) andevaluatetheresultingtermsatthe
centerliney = 0, we obtain

23,
W = <I>0(1 - (I)O)Wo (51)
0=G(®,) — B,(1— &,) [@0(12 —138,)
+ (11 - 13@0)] w,, (52)

wherewe have usedd = 1/®,. If otherself-similartrial

functionsarechoserfor ¢ andw, theninsteadof thefactors
12 — 13%, or 11 — 13%,, in (52), one obtainstermsof the
form M — N®, in which M ~ N ~ O(10). Therefore,
given the approximatenatureof the presumedshapef ¢

andw, we assumedor simplicity thatthedistinctionbetween
12-139%, (or11-13%,) and12(1 — ®,) is notmeaningful;
thuswe write

G(®,)

Wo = 108, (n 1 3,1 = 3,2’

(53)

which,whencombinedwith (51), yieldsasingledifferential
equationfor @, thathastheimplicit solution

H(®,) = 12 / (5 + ‘Pog(l(ﬁz)@o)dcbo_

Analytic solutionsto this integral exist for only afew select
a andb = a:

1. If a = b = 0, thesurfaceenepy is independenof ¢
andtherewill benoself-separationin thiscaseG(®,) = 0,
andthetime to causecompleteseparatior(i.e., to go from
®, ~ 0to ®, = 1) isinfinite.

2.If a = b = 1, we obtainanimplicit solution

P, K
oo foer o (155) - )

wheret, is an integration constant. Although separation
doesoccur, the time to causecompleteseparation(i.e., to
go entirely from ®, ~ 0 to ®, = 1) is infinite also. This
asymptoticseparationcan be interpretedto occur because
with a = b = 1 theinterfacecunvatureda/d¢ is finite even
wheng¢ = 0, while theresistanceo Dargy flow throughthe
matrix becomesnfinite (i.e., permeabilityk,¢™ vanishesgas
¢ — 0. Thus,asporescollapse the surfacetensiondriving
force remainsfinite, while resistanceo drainingfluid from
theporesbecomesnfinite, implying thattheporescannotbe
entirelycollapsed.

3. Whena andb are neither0 nor 1, the interfacecur-
vaturegoesto infinity as¢ — 0. Thuseven asthe resis-
tanceto Dargy flow becomesnfinite as¢ approache§, the
driving forcebehinddrainingthe pores,.e., the surfaceten-
sion,alsobecomesnfinite. In effect, thesurfacetensioncan

(54)

(55)
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completelypinchtheporesclosedandthustheporescanbe
drained andcompleteseparatiorattainedjn afinite amount
of time. For example,oneimplicit analyticsolutionto (54)
canbeobtainedfora = b = 3, i.e.,

t — to =6(1 + 4k) arcsin(2®, — 1)

+12(4k + 29, — 1)/ ®,(1 — B,). (56)
In all calculationsshown in this paperwe assumes = 1,
in which casethe time to go from &, ~ 0to ®, = 1is
tmax = 30m.

Somesamplecurvesof ., (time for completesepara-
tion) versusa (with b = a) and ®, versust are shawvn in
Figure2 for numericalsolutionsof (54). For a andb closeto
1 separatiorstartsgradually acceleratesgndthentapersoff
againtowardcompletion.As a andb approach.4, this sep-
arationstyleis reversedghatis, separations very rapidini-
tially, taperingto a slower ratelater, andacceleratingagain
toward completion. This illustratesthe influenceof the sur
facetension“pinching” effect whenthe magnitudeof the
interfacecurvaturereachesnfinity as¢ approache$ or 1.
As a and b approach, the surfacetensionforce wealens
andseparatiorbecomeslower.

4.3.2. Numerical experiments. We next examine so-
lutionsof (30) and(42) usingbasicsecondrderfinite differ-
enceswith atridiagonalmatrix solutionfor thefinite differ-
enceversionof (42), andan explicit time integration (with
atime stepconstrainedo be < 102 of the Couranttime
step)for (30). Solutionsare testedon variousfinite dif-
ferencegrids which have between101 and 501 points; we
find that201 grid pointsaresuficient to satisfycorvergence
tests.

The mediumis of finite width (—100 < y < 4+100), and
theboundaryconditionsare,againthatw = 0 aty = £100.
We assumehat¢ obeys (30) atthe boundariesaswell asin
theinterior (since¢ hasno boundaryconstraint®of its own).
For all caseswe keep\ < 1 (actually 10-2%); numerical
solutionsto the self-separatioproblemwith finite \ aredis-
cussedby RBS2. Finally, aswith all othercalculationsin
this paperwe prescribex = 1. We investigateonly a select
numberof solutionsto illustratethe basiceffect of varyinga
(for all casesvekeepb = a). All solutionsareinitiatedwith
asinglelong-wavelengthperturbation

#(t=0) = 0.05 + 0.001 cos(my/100). (57)
Numericalsolutionsshav the fluid concentratindoward
the centerliney = 0 (Figure 3), althoughthis tendeny is
dictatedby the simpleinitial condition(57). The effect of
decreasing from 1 is to causea morerapiddrainingof fluid
away from the wall regions(becausef the surfacetension
pinchingeffect), andthusa sharpeislopealongtheflanksof
the porosityanomalyalongwith a flattermaximum(Figures
3aand3b). However, thetime for ¢max = max(¢) to reach
valuesof order1 (Figure3c) is shortesfor someintermedi-
atevalueof a betweerD andl, aspredictedby theamplitude
analysis(seeFigure2). The function ¢,ax(t) alsochanges

1000

tmax [

0.8

0.6

0.4

0.2

— 0

0 50 100 150 200 250 300 350 400 450

t

Figure2. (a) Time for total separatiorof phasegmax Versus
a; and(b) peakporosity ®, versustime ¢ for selectvalues
of a for theamplitudeanalysisof the surfacetensiondriven
self-separationkor all casesp = a andk = 1, andwe use
aninitial condition®, = 1073,

cunaturewith decreasing (i.e., asa decreasethe surface
tensionpinchingeffectcausesnorerapidseparatiorwheng
is near0 and1) aspredictedby theamplitudeanalysigcom-
pareFigure3c with Figure2b, notingthatthe timesarenot
the samebecaus®f differentinitial conditions).

5. Damageand ShearLocalization

We next considershearocalizationandthe influenceof
damageopr viscousdeformationalwork on theinterface,by
allowing for f®'’ > 0. In this case,therelevantequations
are(30)-(33)subjectto the boundaryconditions(40).

5.1. SpecificEquations

As notedby BRS1,the patrtitioningfraction f is unlikely
to be constantWe candeduceoneof the mostbasicdepen-
denceof f onthestateof thesystemby consideringhein-
terfacework equation(33),andthecaseof 9¢ /0t = 0 which
canoccurin threeinstanceswhen¢ = 0, when¢ = 1, and
at the boundarybetweenregionswherethe matrix is dilat-
ing andcollapsing. When¢ = 0 or 1, thereis no interface
andthus(33)is irrelevant. Whend¢ /8t = 0 in thebound-
ary betweendilation andcollapse,¢ is neither0 nor 1 and
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100

T
a=b=0.1

50 - b

Figure 3. (aandb) Numericalexperimentdor two different
valuesof a; and(c) time seriesof ¢n.x for threedifferent
valuesof a. Valuesof a, b, andtime ¢ areindicated. In all
casesh =a, A =0,andx = 1.

thus (33) applies. Moreover, in this case,da’ /d¢ is finite
andwe canthussafelyassumehat AII is finite aswell. In
thisboundaryregiontheleft-handsideof (33)is therefore,
whichdictateshat f ¥’ = 0 aswell. However, since®’ > 0
whenshearis imposed(regardlesof ¢), the conditionthat
f¥' = 0 canonly besatisfiedf f = 0 whend¢/dt = 0.
The exactdependencef f on d¢/dt cannotbeinferred
from theoryalone.However, we canuseknown constraints
on f to estimatea simpleform of this dependencen par
ticular, (1) f is positive definiteandboundbetweerd and1;
(2) f is invariantto a switch of ¢ and1 — ¢ (seeBRS1for
discussiorof symmetryrequirements)and(3) asindicated
above, f = 0 whend¢/0t = 0. Thus,if f is to benonzero

at all, it mustincreasefrom its valueof 0 at 9¢/0t = 0

as|0¢/0t| increases. However, we cannotarbitrarily as-
sumeanunusualfunctionalform for f, for example,aform

where f equalszeroor reachesan extremumat somevalue
of 0¢/0t otherthand¢/0t = 0. Thus, given the abore

constraintsye assumehat f increasesnonotonicallywith

(8¢/0t)* (or someotherevenpower of d¢/dt which areall

positive definiteandinvariantto a switch of ¢ and1 — ¢),

while beingboundbetween0 and1. We thereforeestimate
a simplemonotonicrelationof theform

o)
(@)

where f* < 1 andis the maximumpossiblevalueof f and
~y is a constanthatgovernsthe valueof (6(;5/6t)2 atwhich
f approacheg™. Clearly, thereareotherfunctionsthatcan
satisfytheminimumrequirementsn f. However, they must
all have similar form, while the rational function given by
(58) is analyticallysimplest.Moreover, f certainlymayde-
pendonotherparameterge.g.,temperature)However, such
dependenciesannotbe deducedrom the above considera-
tions and mostlikely needto be inferred empirically. In-
terestingly however, forced-sheaexperimentson layersof
granularmediahave demonstratedhat the frictional resis-
tance(relatedto deformationalwork absorbedby the sys-
tem)doesindeedincreasawith total dilation rateratherthan
dilation itself, wherethe total dilation rate is relatedto the
across-layeintegral of 9¢/0t [Géminad etal., 1999].

With the adoptionof (58), we can rewrite (33) in the
tractableform

(58)

do! Kk O r* %

All=_2* ___ & 099
M="1 "sa_9 o

U (59)

7+ ()

Note that in limit of static equilibrium d¢/0t — 0, (59)
recoversthe equilibrium surfacetensioncondition ATl =

—da'/d¢ (seeBRS1andRBS2).For aconstant theargu-
mentsleadingto (58) and (59) canbe generalizedo three
dimensionsin which caseonewould substituteD¢/ Dt for
0¢ /0t in theseequations.In the end, our governingequa-

tions for one-dimensionatlamageand shearare (30)—(32)
and(59).

5.2. Linear Stability Analysis

Again we examine the stability of a finite layer (with
—100 < y < +100) of constantporosityundegoingshear
andassumehat¢ = ¢g + €¢1, w = ewq, andu = ug + euq,
wheree < 1. The only equationthat hasan O(e%) con-
tribution is the 2 componentof the matrix force balance
(31), which, with the boundaryconditionthatu = +U at
y = %100 leadsto u, = Qy, where) = U/100, andwe
requirethatthe perturbatioru; = 0 attheboundariesThe
equationshatareO(e!) arethelinearizedmassonseration
equation(44), which is unchangedrom the self-separation
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stability problem,andtwo linearizedforcebalancesquations

_ 62U1 (9¢1
0_(1_%)8—1/2_96—31 (60)
0 02
0= ~Go St v(L— ) g
26211]1
+ ¢o(k + ¢o)(1 — ¢o) a2 Al = ¢o)wr, (61)

where(61) resultsafter substitutionof (59) into (32), Gy =
G(¢o), and
_3f

17 (1 — ¢o)? Q2.

Equation(60) only governshow w, is influencedby ¢; but
doesnot affect growth of porosity and thereforedoesnot
warranta solution. We againassumethat ¢; andw; ~
et*v+st whichleadsto thedispersiorrelation

B Gok?

[k + do(1 —v)]do(1 — po)k? + X
Thusshearanddamageclearly acceleratehe growth rateof
the instability;for example,for casesn which A <« 1, the
growth rategoesas|[k + ¢o(1 — v)] ', which approaches
infinity asv — 1+ k/do.

If v exceedsl + /¢y, it is possiblethatthe growth rate
canbecomesingularat

k= /MK + dolv — 1)) o (1 — ¢o)]

and neggative for larger wave numbers,in which case,the
function s(k) actsasa low-passfilter, thatis, only modes
with sufficiently smallk (largewavelength)grow, while oth-
ersdecay Interpretatiorof this effectwill bedeferredo dis-
cussionof the nonlineamumericalsolutions(section5.3.2).

v (62)

(63)

(64)

5.3. Nonlinear Solutions

5.3.1. Amplitude analysis. Aswith theself-separation
problem (section4.3.1), we derive equationsfor the non-
linearevolution of a self-similarly shapedorosityanomaly
in an infinite medium. For consisteng, we usethe same
shapesor ¢ andw employedin the self-separatioproblem
(i.e., (47) and (50), respectiely), in which casethe mass
conserationequation(30) againleadsto (51). As with the
self-separatioramplitude analysis(section4.3.1), the do-
mainis infinite (—oo < y < o), andthusthe relevant di-
mensionalengthscaleis definedsuchthatthe half width §
of the porosityanomalywith amplitude®,, at ary time ¢ is
6(t) =1/®,(1).

Althoughthelayerhasinfinite width, we canonly impose
finite sheamy insistingthatu = +U atsomefinite valueof
y = xL'. For consisteng with the linear and numerical
analyseswve assignL’ = 100. With theseboundarycon-
ditions the equationgoverningvelocity alongthe layer (31)
hasananalyticalsolution:

e U yv/1 — ®g + arctan(y®Po/+/1 — Do)
- L'T = + arctan(L'®//1T — Bg)

(65)

We eliminate ATl between(59) and(32) andthensubstitute
(47),(50),and(65)into theresultingequationrand(aftertak-
ing 8/0y of this equation)evaluateit aty = 0 to obtain
0 =G(®o) — 12®@(r + Po)(1 — B0)*Wo
3f*®2(1— ®o)* W
(v + @3(1 — Bo)>Wg)”

L3 b-aa-wwg (U

+ 8®F [y + ®5(1 — B0)*W5] W&}, (66)

where
L=L'(1-%g)++/1— ®garctan(L'®y/1/1 — Bg). (67)

In deriving (66) we have assumedhat sincethe shapesof
¢ andw areapproximatethenfactorsof the form Ny +
My (t) (whereN and M areinteger constantsy), is some
constantgenerallyeitherl or v, andy(t) is somedependent
variable generallyeither®, or d®,/dt) arenotsignificantly
differentfrom N{to & (t)] or (N + M)[yo £ 9(t)] (de-
pendingon which yields simplerfactors)aslong as N and
M areapproximatelyequal(i.e., differ by nomorethan33%
from eachother); for example,seesection4.3.1in the dis-
cussioneadingfrom (52) to (53). Equation(66) s afifth or-
derpolynomialin W, which canbe solvedto yield thefunc-
tion Wy (®g) (in fact, of the five possibleroots, we choose
thesmallestpurelyreal,positive onesuchthat(53)is recov-
eredin thelimit f* — 0). This functionis thensubstituted
into (51) to determinghe nonlinearevolution andgrowth of
Dy.

In fact, the exact evolution of ®, with time differs lit-
tle in appearancérom that of the self-separatiorproblem
discussedn section4.3.1 (seeFigure 2). However, the
timescalefor separatiorand shearlocalizationare affected
significantly by shearingand damage. This timescaleis
againrepresentedby the total time ¢,,,, for ®y to go from
0to 1, andwe considerherehow ¢, is influencedby the
parametersvhich represenshearinganddamageseeTable
1),i.e.,U, f*, and~ (Figure4).

WhenU = 0, all casegegardlesof f* have t,ax very
closeto the pureself-separationt, . (with f* = 0) which
impliesthatdamagehaslittle effect withoutimposedshear
We refer to this self-separatioft,, ., asts; whichis only a
functionof a andb (seeFigure2a).

As U — oo theleadingtermin (66) yields

2
Z [y = @5(1 — 20)° W] (%) =0,  (68)
which leadsto the asymptoticsolution
dd
= ®o1=20)Wo = /7 (69)

independenof f*; this yieldsanasymptotictmax = 1/,/7
(seeFigured). ThusasU increasedrom 0, the separation
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Figure 4. Time for completeseparatiorof phases,,.. ver
susshearingvelocity U for (a) several different f* (asin-
dicated)with @ = b = 0.5, andy = 1 and (b) several
different~ (indicated)with a = b = f* = 0.9. (c) To-
tal separationt,,,x versusshearingvelocity U collapseto
single curvesthat dependonly on a (andb) whenwe plot
t* = (y/Vtmax — 1)/({/7tss — 1) versusv (using(62) with
¢o = 0), wheretg, is the t,,., for self-separatiorwhen
f* = 0 (seeFigure2). Also t* + 1 andv + 1 areplotted
in orderto emphasizeletailson log-log axes. Curvesfor
27 casesare shawn in Figure 4c: for eacha (andb = a)
indicated therearenine curvescorrespondingo all permu-
tationsof v = 0.25,1,4 with f* = 0.1,0.5,0.9. For all
calculationsk = 1, andtheinitial conditionis ®, = 10~3.

time tmax goesfrom ¢, to 1/,/7; giventhatthe minimum
tss iS approximatelyl0? for k = 1 (seeFigure2a),thenas
longasy > 10~%, anincreasen damageandsheari.e., an

increasen U for f* > 0) will causeareductionin t,,.y, i.€.,
anaccelerationn the separatiorof phases.

The value of U at which t,,,x reachesthe asymptotic
valueof 1/,/y dependson f* aswell asvy itself. An in-
creasein f* causedhe ty,,x to reachits asymptoticvalue
at smallerU, thatis, increasingf* enhanceshe influence
of damagethusallowing shearto be more effective at ac-
celeratingphaseseparationFigure 4). While an increase
in v decreasethe asymptoticvalueof ¢, (i.€., allows for
greatemossibleacceleratiorof phaseseparation)it alsoin-
creaseghe value of U at which this tma is attained(i.e.,
decreasethe effectivenesof damageandshear).

The influenceof damageon the rate of phaseseparation
canbemostsuccinctlysummarizedy notingthattm.x ver
susU curvesfor differentf*, and~y (but with thesamea and
b) canbe very nearly collapsedon to the samecurve if we
assumehat

b = % + (tss(a, b) — %) Flr,a,b)  (70)
(Figure4c). However, sincethe amplitudeanalysisassumes
a single self-similar shapefor ¢ that narrovs with time, it
cannotaccounftor thelow-pasdilter effectof v > 1+ /¢
predictedin thelinear stability analysis.Overall, the ampli-
tude analysispredictsa considerableacceleratiorof phase
separatiorby the additionof shearanddamage.

5.3.2. Numerical experiments. Wefinally explorenu-
merical solutionsof (30)—(32)and (59), using, as with the
self-separatioproblem,afinite differencescheme As with
the linear stability problemand previous numericalexperi-
ments,ourdimensionlessomainis —100 < y < +100. We
employ thesamaeinitial andboundaryconditionsasstatedn
section4.3.2,with the additionalconditionthatu = +U at
y = £100.

For simplicity, we do not fully explore all parameter
spaceg(whichis, in fact, seven-dimensionali.e., definedby
a,b,U,~, f*, k, andA, notincludinginitial conditions)and
thuskeepcertainparameteréixed. As with all previouscal-
culations,we setA < 1, k = 1, andb = a. In theend,the
parametespacene exploreis four-dimensionalpvera, f*,
U, and~; however, it is often morecornvenientto referto v
insteadof U (using¢go = 0.05 in (62); alsoseeTablel).

Thenumericalsolutionsrevealthreebasicregimeswhich
essentiallydependnly onv, asdisplayedn Figure5. These
regimesareasfollows:

1. For “low” valuesof v (v < 2) the porosityfield col-
lapsesessentiallyin the samemanneras the surfaceten-
siondrivenself-separatioproblem(seeFigure3). Only the
growth rateof ¢,ax, the peakporosityvalue,appeargo be
affectedby changesn U (or v), f*, and~, aspredictedby
thestability andamplitudeanalysegFigure6). Thus,in this
regime,changesn the shearanddamageparameterd/, f*,
and~ thatcauseanincreasen v induceonly anacceleration
of the self-separatiorffect. We refer to this regime asthe
“acceleratedseparation’tegime of solutions. As v exceeds
1 andapproacheg®, the porosity profile graduallydisplays
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Figure 5. Reggime diagramof the differenttypesof numer
ical solutionsof the 1-D flow problemwith shearanddam-
age. Threedifferenttypesof solutionsexist dependinges-
sentiallyonly on the valuev. The regimesof solutionsin
v-f* parameterspaceseparatedy solid lines are shown.
Symbolsshaw the locationin parametespaceat which so-
lutionswerefound. Circlesindicatesimpleacceleratedelf-
separation,solid trianglesindicate solutions experiencing
the tearlocalization, and crossesndicate solutionsunder
goinginhibition of phaseseparatioror distributeddamage.
The diagramdisplays243 solutionsthat have variousper
mutationsof a = 0.1,0.5,0.9 and~y = 0.25, 1,25 overthe
ranged) < f* < 0.9and0 < U < 2000. Seesection5.3.2
for furtherdiscussion.

increasedsharpeningleadingto theregimediscussedhext.

2. Forintermediatevaluesof v (i.e.,2 < v < 1+ k/¢o =
21 givenk = 1 and¢o = 0.05) the porosityfield undegoes
a severe morphologicalchangeafter somefinite time. In
particular profiles of ¢ becomeconcae above and below
the centerlineof y = 0, developing cuspsor sharppeaks
(Figure7); soonafterthis sharpenegheakformsthe growth
of ¢max accelerateslramatically(Figure 6). At a certain
point the peakbecomesso sharpand the growth ratesso
steepthat further numericalsolutionsare untenablethatis,
the solutionbecomeshumericallyunstableasit appearso
approacha singularity We refer to this effect as a “tear
localization; which is predictedby neitherthe linear sta-
bility nor amplitudeanalyses.As v exceeds5, the narrav
tear localizationinitiates soonerin the calculation,and as
v — 1+ k/¢o = 21, thelocalizationoccursalmostimmedi-
atelyafterthe calculationcommencesndbarelyprogresses
beforeapproaching singularityandthusendingthe calcu-
lation.

3. Whenv > 1+ k/¢o (again,1 + /¢ = 21 in these
cases)the separatiorand concentratiorof fluid into a nar
row zoneareprecludedtheinitial porosityanomalyunder
goessomeslight initial collapseto a square-shapegrofile
(Figure 8) andthen ceasesry further evolution. This ef-
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Figure 6. (a andb) Maximum porosity ¢max vVersustime
t for differentvaluesof U aslabeledfor two differentsets
of parametersndicatedin the lower right cornersof each
frame. Exceptionalgrowth ratesassociatedvith thetearlo-
calizationoccurat U = 800 in Figure6aandU = 1000 in
Figure6b.

fect correlateswith the exclusionof smallwavelength(high

wave number)instabilities (i.e., the low-passfilter effect)

predictedby the linear stability analysis(section5.2); that

is, for v > 1+ k/¢o the porosity anomaly cannotcol-

lapseto lessthana certainwidth (or wavelength).For cases
of A & 0 this minimum width is extremelylarge, thus ef-

fectively precludingsignificantcollapse. We interpretthe

regimev > 1+ k/¢o asa statewhereinshearand dam-
age overwhelm surface tensiondriven self-separatiorand
causevoid generatiorandgrowth throughouthelayer, over

largewavelengthsaandthusnearlyuniformly. In otherwords,
whenv > 1+ k/¢g, damages so effective that instead
of causingshearlocalizationit effectively inducesmicroc-

rackingthroughoutthe layer. We referto this regime asthe

“distributeddamage’regime (Figureb).

6. Discussionand Conclusion

6.1. Summary

A two-phasemodel that accountsfor both surfaceten-
sion and viscousdeformationalwork on the interface be-
tweenphasedasbeenusedto examinedamageand shear
localization. Even without shearand damagethe two vis-
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Figure 7. Porosityfields at differenttimes (as indicated)
to illustrate the onsetof the tear localizationfor different
parametewalues(indicatedin thelower right cornerof each
frame). Thesesolutionscanbe comparedo thoseof Figures
3aand 3b which usethe samevaluesof a andb asshavn
here, but without shearand damage. Growth of the peak
porosityfor the casesabove areshavn in Figure6.

cousphasesvould naturallyseparatelueto gradientsn sur
facetension. However, shearand damagecan affect phase
separationn avariety of ways;the mainparametecontrol-
ling this behaior is v, asdefinedin (62) (seealsoTable1),
which combinesinformation aboutimposedshearvelocity
(or shearstrainrate)with the damagepartitioning(i.e., the
fractionof deformationalvork storedontheinterfaceassur
faceenegy). Thethreebasichehaiors or regimesarising
from shearanddamageareasfollows:

1. For relatively small valuesof the parameter (0 <
v < 2 for the casesshawn in this study) the combination
of shearanddamageessentiallyonly acceleratethe natural
self-separation.

2. With largerv (2 < v < 21 for the parametersised
here)shearand damagehave a dramaticeffect, in particu-
lar inducing a tear localizationin which the porosity con-
centrationbecomesiearlysingularin spaceandgrows very
rapidly.

3. Excessie amountsof shearanddamaggy > 21 for
thisstudy)caninhibit theseparatiorof phasesinducinguni-
form void or microcrackgenerationin lieu of focusedand

100 T T T
a=b=0.5; f*=0.5; U=900
y=1
50 [ = b

-50

-100
0.01 0.02 0.03 0.04 ) 0.05 0.06 0.07 0.08

Figure 8. Porosityfields at differenttimes(asindicated)to
illustratethedistributeddamageegimewhenv > 1+ /¢
which for the given parametersetmeansy > 21. With
the parametersf theabove calculation(indicatedin thetop
right corner)v = 27.4. The porosityfield undegoesonly
slight collapsefrom a nearly constantvalue of ¢ = 0.05
to an anomalywith peakporosity ¢ = 0.075, after which
the field ceasesvolution andthe calculationgoesnumeri-
cally unstable.Evenduringthis slight collapsethe porosity
field assumes broadenedsquareshape jndicatingthe ex-
clusionof small-wavelengthfeatureqi.e.,nonarrav or even
roundedpeaksasin Figures3 and7).

weakshearzones.

Thetheoryandcalculationspresentedherearestill fairly
idealized. Neverthelessthe threeregimeslisted above are
suggestie of somebasicbehaior of failure and cracking
(with the caveatthatthatthetheoryis basedn viscousflow
while brittle and brittle-ductile failure involves damagein
elasticand plastic materials). For low stressand deforma-
tion rates,brittle and brittle-ductile materialsare known to
experiencalistributedmicrocrackingwhich, especiallywith
increasedstressand deformation,leadsto focusingof mi-
crocracksalongnarron shearmplanegLockner, 1995;Evans
and Kohlstedt 1995; Mathur et al., 1996; RegenauefL.ieb,
1998]. This behaior is suggestedy the first two regimes
presentedhere. The third regime of distributedvoid gener
ation andinhibition of localizationat high shearratessug-
geststhatat a critical deformationrate,the damagearound
the shearlocalizationcan no longer accommodatehe en-
ergy input by the imposeddeformationalwork, thuslead-
ing to depositionof enegy in the form of damagethrough-
out the volume of the material. In termsof damageper
meating the medium insteadof becominglocalized, this
behaior is suggestie (againkeepingin mind all the the-
ory’'s inherentsimplifications)of crack branchinginstabili-
tieswhereinat a critical crack speedsmoothlypropagating
cracksgive way to branchingandextensive distributeddam-
agingof thesurroundingnaterialandretardatiorof theorig-
inal crack’s propagatiorf Boudetet al., 1995;Shaonetal.,
1995; Marder and Finebeg, 1996; Finebeg and Marder,
1999;Adda-Bedieetal., 1999;Sanderand Ghaisas 1999].
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6.2. Applications to Plate Boundary Formation

Givenits underlyingviscous-flav formalism,the present
theoryis clearly more applicableto long-timescalegeody-
namicalprocesseshanto fractureandearthquak mechan-
ics. Indeed,oneof our primary motivationsfor this studyis
understandinghe generatiorof tectonicplatesfrom a con-
vecting mantle, in particulay the focusing of lithospheric
weakzonednto plateboundariegseeBercovici etal., 2000].
Thus,althoughthe theoryandmodelcalculationspresented
areratheridealized,we will venturesomespeculationand
evaluatethe variousmodel parameterss applicableto the
Earths lithosphere.In this case we assumehatthe matrix
is lithosphericsilicate (., ~ 10?® Pa's [Beaumont1976;
Wattsetal., 1982]),while thefluid is water(u; ~ 1073 Pas
[Furbish, 1997). The Darcy resistanceparamete in this
situationis negligibly small; thatis, giventhatc = uy¢/k,
(wherek, is a referencepermeability),we canchoosethe
smallestpossiblek, ~ 1071m? [Spigielman 1993aJand
a maximumfluid zonewidth R of 1-10km (typical of tec-
tonicmagin width) to obtainthelargestik ely A of ~ 10719,
Thereforethe assumptiorthat A is nggligible in mary of the
caseshawn in this paperis valid for the caseof lithospheric
deformation.The valuesof boththe dimensionlesselocity
U andtime ¢ dependon the quantity cag. One can esti-
mateo accordingto the valuesof surfacetensionin silicates
[e.g., Spry, 1983; Lasaga, 1998; seeBRS1and RBS2] or
from true fracture surface enegy [Atkinsonand Meredith,
1987],whichindicatevaluesof o betweerD.1and10Jm~2;
however, it is generallyrecognizedthat the effective sur
faceenepy of fracturesis much higher, i.e., between100
and1000J m~2 [Jaeger and Cook 1979; Atkinson 1987;
Atkinsonand Meredith, 1987]. The scalefor a4 is deter
minedby grain sized andis typically of orderof d—! (see
BRS1andRBS2). With grainsbetweenl and10 um [Spry,
1983]we assumehatrepresentatie valuesof ooy for frac-
ture and microcrackingrangebetween10” and10° J m~3,
which are indeedof the sameorder as peak lithospheric
strengthgdKohlstedtet al., 1995]. Usingtectonicvelocities
lemyr~! <V, < 10 cm yr~!, andthe valuesof R and
1 alreadylisted,we thusarriveat 102 < U < 10°.

In orderto generateplate boundariedy shearlocaliza-
tion our model lithospheremusthave, accordingto our 1-
D analysis,v < 1+ &/¢o (Wherek is O(1)), andif the
narrow tearlocalizationis to play arole in boundaryforma-
tion, thenv > O(1). Theseconditionscanbe met for a
wide rangeof valuesof the maximumpartitioning f*, im-
posedshearvelocity U, and other parametergontainedin
v; thatis, localizationcanoccurat the upperendof the ve-
locity range(U = 10°) with little partitioning (a few frac-
tionsof a percentlandatthelower endof thevelocity range
(U = 10?) with partitioningof the orderof severaltensof a
percentWheretherangeof platetectonicvelocities(which
vary overonly 1 orderof magnitudegctuallyresideswithin
thefull rangeof 102 < U < 10% is unclearbut it is apparent
thatlocalizationcanoccurwith plausiblefractionsof enegy
partitioning. (For comparisonjaboratoryexperimentswith

metalsshaw that partitioningof deformationalvork toward
damageis typically 15-20% and maybe as much as 60%
[Chrysodtioosand Martin, 1989; Chrysotiooset al., 1989,
1996].)

Finally, the minimumtimescaleusing4u,, /(3cayg), for
lithosphericprocessesvould be of the order of 100 Myr,
which is alsorepresentatie of the localizationtime in the
model (i.e., the dimensionlesgime intervals for the shear
localization calculationsare of order 1-10; seeFigure 6).
Althoughthis is a plausibletimescalefor slow tectonicpro-
cessese.qg. it istypical of acorvectivetimescale)it is prob-
ably too large for plateboundaryformationandcertainlyis
too large to accommodateapid boundaryreomanizations.
However, giventhe simplicity of boththe theoryandmodel
calculationspbtainingtimescalesyelocities,and partition-
ing valuegthataretectonicallyandmechanicallyplausibleis
a positive step. Neverthelessthereis no doubtthat further
sophisticatiorandrealismmustbeincorporatednto thethe-
ory beforeeven moderatelyprecisepredictionscanbe ven-
tured.

6.3. Futur e Dir ections

Thetwo-phasenodelpresentethereoffersafundamental
approachto treatingdamagejevenwith its simplifications,
it predictsshearfocusing,a narrow, nearly singulartearor
crack-like localization,andevendistributeddamageandde-
focusingof microcrackssuggestie of crack-branchingn-
stabilities. Neverthelessthe model hasconsiderableoom
for improvementandsophisticatione.g.,inclusionof aniso-
tropy to accounfor organizednterconnectedness poresat
low porosity;viscoelasticityto accounfor elasticstorageof
deformationaknegy; thermomechanicadffects(e.g.,ther
mal expansionof the fluid phasewhich affects pore pres-
sure,thermaoviscousbehaior of matrix material,andtem-
peraturesensitvity of surfacetension);phasechangesand
melting; phasereactionssuchas hydrationand annealing,
to namea few. Moreover, this study hasbeenconfinedto
one-dimensionatalculations. Thus, even asidefrom fur-
ther sophisticationfuture studieswill usethetheoryto ex-
amine damageand localizationin more complex geome-
tries, suchasin uniaxial compressionfolding, slopefail-
ure, sourcesink driven models,buoyangy, andcorvectively
driven flows. Invariably, the applicationsof the two-phase
damageheoryto numeroudields, suchasgranulardynam-
ics, earthquak dynamicsstructuralgeology andgeneration
of platetectonicsfrom mantleflow, arepotentiallyendless.
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