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Abstract. A theoreticaimodelfor the dynamicsof a simpletwo-phaseamixtureis
presentedA classicalaveragingapproactcombinedwith symmetryargumentss
usedto derive the mass,momentumandenegy equationdor the mixture. The
theoryaccountdor surficialenegy attheinterfaceandemploys a nonequilibrium
equationto relatetherateof work doneby surfacetensionto theratesof both pres-
surework andviscousdeformationalvork. Theresultingequationgprovide abasic
modelfor compactiorwith andwithout surfacetension.Moreover, useof thefull
nonequilibriumsurfaceenegy relationallows for isotropicdamagej.e., creation
of surfaceenegy throughvoid generatiorandgrowth (e.g.,microcracking),and
thusa continuumdescriptionof wealeningandshearlocalization. Applications
to compactiondamageandshearocalizationareinvestigatedn two companion

papers.

1. Intr oduction

The dynamicsof two-componentpr two-phase(andin
generalmultiphase),mediais a complex and well-studied
field [seeDrew and Passman1999]with innumerablenatu-
ral applicationgo sedimentndsoil mechanicgBiot, 1941;
Hill etal., 1980;BirchwoodandTurcotte 1994;seeFurbish,
1997 andreferencesherein],glaciology[Fowler, 1984],0il
recovery and magmadynamics[McKenzige 1984; Spiegel-
man 1993a,1993b,1993c], crystallizationin metalalloys
[Ganesanand Poirier, 1990], and slurries[Loper, 1992].
Analysis of dilatant plasticity [Mathur et al., 1996], rate-
and-statefriction modelsof earthquak dynamics[Seall
andRice 1995;Sleep 1995,1997,1998],andvoid-volatile
self-lubricationmodelsof the generatiorof plate tectonics
from mantleflow [Bercovici, 1998]alsoemploy theconcept
of two phasedy relatingporosityto awealeningeffector a
statevariable.

Oneof themostcomplex issuesn the mechanic®f two-
phasemediaconcernghe physicsof the interfacebetween
the phaseg Groenwald and Bedeaux 1995; Osmolwski

INow at Departmenbf GeologyandGeophysicsyale University New
Haven, Connecticut.

1997]. Interfaceand surfacedynamicsis alsoa vital field
for the studyof rockmechanicandmaterialscience Jaeger
and Cook 1979; Atkinson 1987; Atkinsonand Meredith,
1987]. One of the primary manifestationf an interface
is its intrinsic surface enepy, partially expressedas sur
facetension. Surfaceenegy andtensionare relevant both
for melt dynamicsin the processof crystallization[Tiller,
1991a,1991b; Lasaga, 1998] and percolationunder cap-
illary forces[Harte et al., 1993; Stevenson 1986]. It is
also generallyrecognizedthat the damageof materialsin-
volvesthe generationof a surfaceenegy on newly devel-
oped cracksand voids [Griffith, 1921; Jaeger and Cook
1979;Atkinson 1987;Atkinsonand Meredith, 1987].

The effects of surfacetensionhave beenconsideredor
two-phasesystems[Drew, 1971; Drew and Seel, 1971;
Stevenson 1986; Ni and Bekerman 1991; Straub, 1994;
GroenwaldandBedeaux1995;0smolwski 1997],although,
to our knowledge,they have not beenself-consistentlyin-
corporatedn a closed,fully three-dimensionaliwo-phase
continuumtheory In this paperwe derive the simplestpos-
siblegenerakquationgor atwo-phasenedium,accounting
for the possibility of surfacefree enepgy existing on the in-
terfacebetweenthe two media. Although this surfaceen-
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erngy is oftenconsideredo bein staticequilibriumwith the
network doneby the pressurdields of thetwo phasege.qg.,
Ni and Bedkerman 1991], we proposea moregeneralrela-
tion in which surfaceenegy is generatedhroughnonequi-
librium enepgy sourcessuchas deformationalwork. Thus
thetheoryprovidesa simplemodelnot only of compaction
with andwithout surfacetensionbut alsoof the creationof

surfaceenegy throughdeformationandhencemicrocrack-
ing and damage. However, the theoryis basedon viscous
fluid mechanicsandthusit is mostapplicableto viscous
and/orlong-timescalanantle-lithospherprocessessuchas
magmadynamicsand plate boundaryformation through
ductilelocalizationmechanisms.

Althoughsomeof theequationglerivedin thismodeldif-
fer little from thosederived previously [Drew, 1971; Drew
andSeel, 1971;LoperandRoberts1978;Hills etal., 1983,
1992;McKenzie 1984;Fowler, 1984,1990a,1990b;Richter
and McKenzie 1984; Ribe 1985,1987; Bennonand Incr-
opela, 1987;Scott 1988;Scottand Stevenson1989; Gane-
sanandPoirier, 1990;Poirier etal., 1991;Loper, 1992;Tur-
cotteand PhippsMorgan, 1992; Spiggelman1993a,1993b,
1993c; Gidaspow 1994; Schmeling 2000; seeDrew and
Passman1999], othersare signficantlydifferentor areen-
tirely new. Thusit is necessaryhatthe formalismfor arriv-
ing atthetheorybeestablishedadmittedly thisformalismis
notin itself new, soits presentationvill be asbrief aspossi-
ble. In thefollowing subsectionsve will deriveconseration
laws, which, in two-phaseheory involve a particularaver
agingschemdgDrew, 1971;Drew andSeayel, 1971;Ganesan
and Poirier, 1990; Ni and Bederman 1991]. Althoughthe
averagingmethodhasbeendiscusselsavhere we will re-
quireit to carryoutsomeof thederiation;thuswe describe
it by example, i.e., throughconsideratiorof the mixture’s
propertiesandthe conserationof masdaw.

To keepour theory as simple as possible,we make the
following assumptions:

1. Both mediahave constantdensitiesand are thusin-
compressible.

2. Both mediabehare ashighly viscousfluids (suchthat
inertiaandacceleratiorareneglectedj.e., forcesarealways
in balance)andtheir individual viscositiesareconstant.

3. Thetwo-phaseamixture remainsisotropic,i.e., on av-
erage(seebelow for how the averageis defined),poresand
grainsarenotcollectively elongatedn apreferreddirection.
(Somediscussiorof anisotropy, however, is includedin this
development.)

Neverthelessthe two-phasemixture will have noncon-
stanteffective densityandviscosity Othersimplifying as-
sumptionswill bestatedasnecessary

2. Mixtur e Properties

2.1. PhasePropertiesand Averaging

We definethetwo phasessfluid andmatrixto beconsis-
tentwith muchof the classicliteratureon this topic. How-

ever,wederiveall equationgo maintaintheirsymmetrythat
is, until we make a symmetry-breakingassumptionabout
an extreme differencebetweenthe fluid phaseand matrix
phasethey arestrictly speakingoothincompressiblegons-
tant-viscosityfluids, andthushow we labelthemshouldbe
irrelevant. Thereforeaninterchangeof labelsmustresultin
the sameequationsWe will referto this symmetryas“ma-
terialinvariance.

We definethe fluid and matrix phasedo have densities
pr andp,, andviscositiesuy andpu,,, all of whicharecon-
stant. Thetwo phasedave true (or microscopic)velocities,
V¢ andv,,, within their respectievolumes andsimilarly for
pressuresndstressesHowever, in atwo-phaseor mixture
theory we cannotknow thelocationof every parcelof fluid
or matrix; thuswe mustaverageall quantitiesoversomevol-
ume; the size of this volume determineghe validity of the
continuumlimit for two-phasetheory This limit is analo-
gousto thatfor single-phaseontinuumtheoryin which the
volume over which propertiesare averagedmust be large
enoughto containsufficientnumbersof moleculesbut must
alsobe small enoughto distinguishgradientsin properties.
In two-phaseaheorythevolumemustbelargeenoughto con-
tain sufficient numbersof poresor grainsbut smallenough
to resohe gradients. As pore and grain sizescan become
macroscopicthevolumesizeis potentiallyvery constrained,
andthusit is much easierto violate the two-phasecontin-
uumlimit [Bear, 1988; Furbish, 1997; Drew and Passman
1999].

Oncethe two materials,the matrix and fluid, are com-
bined,the mixture hasadditionalpropertieprescribedy a
distribution function which locatesporesof fluid or grains
of matrix (Figure 1); we definethis distribution function 6
whichis 1 insidethefluid poresand0 in the matrix [Drew,
1971; Drew and Segel, 1971; Fowler, 1984; Ganesanand
Poirier, 1990; Ni and Bedkerman 1991]. The functiond is
usedto averagepropertiesover fluid or matrix volumes. In
particular porosity i.e., thevolumefractionof fluid (assum-
ing the matrix is saturated)js an averagequantity defined

as )
= — od 1
6= 57 [ oav. ®
wheredV is thetotal volumeof anelementof mixture. The
masse®f fluid and matrix in the volume §V are thusthe

integralsof p; and p,, over the fluid and matrix volumes,
respectiely

My= [ pstav, Mu= [ -0, @
2% 2%
which, becausehe densitiesareconstantaresimply M; =

¢ps6V and M, = (1 — ¢)p,0V. Thefluid velocity aver
agedoverthefluid volumeis v, definedsuchthat

1 -
(ﬁVf = W /5‘/ fodV, (3)

wherev; is oftenreferredio astheinterstitialvelocity, while
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Figure 1. Schematiof acontrolvolumedV with a mixture
of fluid (white) andmatrix (black). Shadingalsorepresents
the distribution function & which is 1 in the fluid and0 in
the matrix. The curve which marksthe boundarybetween
blackandwhite asviewedin thefigureis theintersectiorof
theinterfacebetweerthe phasesandthe surfaceof the con-
trol volume,asdenotedby C; in (25). Arrows illustratethe
flux of fluid andmatrix massmomentunor enegy through
exposuresof fluid and matrix at the surfaceof the control
volume.

¢vy is the Dargy velocity. The matrix velocity vy, is simi-
larly definedsuchthat

A=ovu =57 [ wu-owv. @

Sincethe two mediaareassumedncompressibletheir true
velocitiesv; andv,, aresolenoidal(V - vy = V - ¥,,, =
0); however, the averagedvelocitiesvy and v, are not
solenoidakincethey have beenaveragedver poreor grain
volumesthatarevariablein spaceandtime.

2.2. Interfacial AreaDensity

An additionalpropertyof the mixture concernghefabric
of the mixture which is specifiedby the locationandorien-
tationof theinterfacebetweerthetwo phasesTheinterface
locationandorientationaregivenby V§, whichis in essence
aDirac ¢ function, centerecbn the interface timesthe unit
normalto theinterface(in fact, pointing from the matrix to
thefluid, in the directionof increasingd). Thusthe netin-
terfaceareawithin avolumedV is simply

SA; = / |V|dV. (5)
sV

However, in a mixture formalismwe cannotknow theloca-
tion and orientationof the interfacebetweenfluid and ma-
trix, andthuswe mustdefinean averagedproperty In this

paperwe assumdsotropy of theinterface(i.e., on average,
it hasno preferreddirection) and that in the control vol-

umedV, thereis anaveragenterfacialareaperunit volume,
a = §A;/8V [seealsoNi and Bekerman 1991). Since
the systemis isotropic, we assumehat this single quantity

is sufficientto characterizehe densityof theinterface. The
areadensity« is necesarilya function of porosity sinceit
mustvanishwhenthe mediumbecomes single-phaseys-
tem,i.e.,when¢ = 0 or 1. As discussedy Ni and Bek-
erman[1991], onesimplepossibilityis thata ~ ¢(1 — ¢);
however, we generalizehis assumptiono

o= ao¢a(1 - ¢)b ’ (6)

wherea,, a, andb are assumedonstantshat dependon

the materialpropertiesof the phases.Although the general
theorypresentederedoesnot dependon the exactform of

the function a(¢) (andindeed,otherforms of the function
arepossible)we adopt(6) in the following applicationpa-
pers[Ricad et al., this issue;Bercovici et al., this issue].
We next briefly considettheimplicationsof theconstanty,,

while theconstants andb arefurtherconstrainedn section
2.2.3.

2.2.1. Constant a,. The constanta, is animportant
propertythroughouthe developmentandapplicationof this
model;it hasunitsof m~! andis inverselyrelatedto charac-
teristic pore and grain size. Although we cannotoffer an
exact demonstratiorof this relation, it can be understood
by a very simple conceptualexample [after Spry, 1983).
We considera volume wherethe poresand grainsare the
sameshapeandsize for all porositiesandthesegrainsand
poresfit togetherexactly; for simplicity, we choosea cubi-
cal volumewith sidesL andcubicalporesandgrainsof side
d << L. Thetotal numberof poresandgrainstogetheris
Nioy = (L/d)?, andif we have N pores,thenthe porosity
is ¢ = N/Not. For asmallnumberof pores(N < Niot)
the netinterfacial surfaceareais 4; = N6d2, while for a
large numberof pores(or small numberof grains)where
N — Nioy Wehave A; = (Nyor — N)6d? (for example with
Ny — 1 poresthereis justonecubicgrainof sided). Thus
a symmetricformula that gives both limits for A; would
be A; = [N(Niot — N)/Niot]6d?, or sSinceN = Nio @,
A; = Nyoto(1 — ¢)6d?. Theinterfaceareapervolumeis

A; 6

= ¥ = g?l = o) @)

a

which, by comparisorto (6), impliesthata, = 6/d (and
clearly valuesof a andb differentfrom unity accountfor
noncubicporeandgrain shapes).Althoughthis is a highly
idealizedexample, it illustratesthat o, is characteristicof
the inverseof poreor grainsized. For silicates,grainand
pore sizesrangefrom micronsto milimeters[Spry, 1983],
andthusea, canbeasmuchas10® m—1.

2.2.2. A noteon anisotropy. Althoughwe assuméso-
tropy, afew wordson extensiondo anisotropy arewarranted
sinceoneof theeventualapplicationof thistheoryinvolves
cracked mediawhich are distinctly anisotropic. Informa-
tion aboutfabric anisotropy is necessarilyrelatedto inter-
faceorientation,and thus we expectthat an averagedten-
sorpropertydefiningthis fabricshouldinvolve V4. In gen-
eral,anisotropigropertiessuchasvariousconductvities of
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laminag(e.g.,alternatingayersof conductingandinsulating
material),canbeconstructedrom second-ordedlyadshased
on the normalsto the laminae. Moreover, fabric anisotroy
shouldalsodependon interfaceareadensitysincea region
with zeroareadensityshouldbeisotropic. We thereforede-
fine afabrictensorto involve dyadsbasedon V@ andto re-
cover, underisotropy, the areadensitya; onesuchobvious

possibilityis
i /

which is symmetricto insurereal principal (eigen-)values.
Obviously, thetraceof this tensoris T'r(a) = a andthusif
thesystemisisotropica = %aL wherel is theidentity ma-
trix. (Notethatafabrictensomightalsoinvolve othercom-
ponentsuchasdyadsof theinterfacetangent x V8, where
t is aunit vectordirectedaway from anarbitrarycoordinate
origin.) We postulatehatmary potentiallyanisotropigrop-
ertiesof the mixture (e.g.,permeability)shouldberelatedto
«a. However, a involvesfive independentuantitiesin ad-
dition to « (six total), requiringadditionalclosurerelations.
As eventheisotropictheoryis complex enough(asshavnin
this paper it leadsto 10 unknavnsrequiringasmary equa-
tions), we will remarkon anisotrofy anda wherethey are
likely to be includedif desiredbut will not attemptto pro-
vide arigorousanisotropictheory(seeSleep1998] for dis-
cussiorof anisotroly in rate-and-stattheoriesof earthquak
dynamics).

2.2.3. Interface curvature. As discussedn later sec-
tions, we considersurfacetensionon the interface,whose
resultingforce intriniscally involvesinterface curvature; it
is thususefulto relatea (and ) to the averagecurvature
of theinterface. If we assumasotropy andthat«a is indeed
a function of ¢, thenone canshaow that da/d¢ is related
to the sum of the interfacecurvatures. This canbe un-
derstoodby a simple conceptuakxample(althoughit also
arisesgenerallyfrom consideration®f thermodynamic®n
aninterface;seeAppendixA2). Considera modelof an
isotropic two-phasemedium as being madeup of spheri-
cal pores(or grains, althoughwe will refer only to pores
for simplicity), and that the distribution of sizesof pores
is not extremely broad within a selectedvolume §V'. At
the simplestlevel, considerN sphericalporesof onesize,
i.e., eachwith radiusr; in this caseeachelementof inter
facehastwo identical principal curvaturesequalto 1/r (in
contrastto, say a cylinder of radiusr, which alsohastwo
principal curvatures,but oneis 0, while the otheris 1/r).
Moreover, ¢ = N4dnr3/(36V) anda = N4nr?/6V; thus
da/d¢ = (da/dr)/(d¢/dr) = 2/r, which equalsthe sum
of the principal curvatures. (Although o/ ¢ hasdimensions
similar to curvature, it is not the sum of the principal cur-
vaturesascanbe seenin this example;onecanalsorepeat
the examplewith cylindersto seethatda/d¢ nota/¢ prop-
erly representghe sumof curvatures.) If the volume §V/
has N sphericalporesandthe radiusof theith poreis r;,
thenthe averagecunvatureis 1/r = (1/N) Zf;l 1/r;, the

VOV0

porosity is ¢ = [47r/(35V)] Z L r? = N4nr3/(38V),
anda = (47/6V) Ez 72 = N4nr?/§V. If the distri-
butionin sizesof poresis sufficiently narrov within the vol-
ume (which canmore or lessbe selectedarbitrarily), then
1/r ~ 1/7, 7™ ~ 7 (wheren is 2 or 3), andthusda/d¢ will
still be roughly the sum of the averagecurvatures. There-
forethesumof interfacecurvaturess representetly da/d¢
(again,seealsoAppendixA2).

Adopting(6), we find that

da 0]

d¢ e
whereg. = a/(a+0). Itis clearthatthesignandmagnitude
of theaveragenterfacecurvaturedepencbn porosity When
¢ is very small,themediumcontainamostlysmalldispersed
poresof fluid, andthusthe averagecurvatureis large and
positive (again,curvatureis definedhereto bepositve when
theinterfaceis concareto, or enclosesthefluid andnegative
whenit is corvex to thefluid or enclosesnatrix); wheng is
closeto 1, the mediumcontainssmall dispersedyrains of
matrix, andthe curvatureis thuslargeandnegative. Indeed,
in the limits that¢ — 0 and¢ — 1 the averagecurvature
shouldbe infinite in magnitude. This suggestshat both a
andb are< 1. Moreover, the changein sign of the curva-
tureoccursat ¢ = ¢. = a/(a + b). If the systemis purely
symmetric,thena = b andthe changen sign of curvature
isat¢ = 1/2. However, for real systemsga andb canbe
very different.For foams(in whichtheair is thefluid phase)
the curvatureremainspositive to very large porosities,sug-
gestingthata > b. For silicatemelts,interconnectedness
melt(i.e.,dihedralangles< 60°) andevendisaggregationat
low meltfractions[seeHarte et al., 1993] suggesta beha-
ior oppositeto foam;thatis, thecurvaturebecomesegative
atlow porosity or a < b.

Asindicatedabove,surfacesaregenerallydefinedto have
two distinctprincipalcurvaturedocally (i.e., onaninfinites-
imal areaelement)and the sum of thesecurvaturesdeter
minesthesurfacetensionforce[LandauandLifshitz, 1987].
With isotropy andaveragingthesecurvaturesareeitherthe
sameor (becausef randomorientiationof elongateor lam-
inar grainsand pores)their volume averagesare the same.
However, with anisotrojy dueto coherenalignmentof elon-
gate or laminar grains and pores, the distinct curvatures
would be manifestedasa fabric in the medium, even after
averaging.Sincethe averagingis over a volumecontaining
whole poresand grains, it involvesall the possiblecurva-
tureson the surfaceareaof a pore (or grain), not just the
two local curvatureson an areaelement. Thusthe volume
averageof the curvatureof aninterfaceshouldhave at least
threecharacteristi@rincipalcurvaturege.g.,considerellip-
soidalpores)whichwe assumeareextractablefrom thefab-
ric tensore, in particularder/d¢. We assumehatthethree
principal curvaturesarethe principal valuesof da./d¢; for
example the sumof theseprincipalcurvaturess atensorin-
variantequalto Tr(da/d¢) = da/d¢, whichis consistent
with our isotropicformulationfor the sum of the principal

= aoap" (1 - ¢)" (1~

) )
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curvatures.

3. Consewation of Mass

Changef fluid massinsidethe volumedV dependon
the loss of fluid throughthe surfaceof the volume and, if
appropriate the rate at which matrix is corvertedto fluid
andvice versa(e.g.,by meltingandsolidification). For this
paperwe are not concernedvith transferof massbhetween
phasesand thus we neglect this corversionrate, which is
straightforvardto include (seesection6) andhasbeendis-
cussedextensively in previous studies[Hills et al., 1983,
1992; McKenzie 1984; Spigelman 1993a,1993b,1993c].
Therateof changeof fluid massis thus

2/ prdV = —/ pfflf -nfdA
ot Jsv 5A

wherethe areaintegral on theright-handsiderepresentshe
net rate of expulsion of fluid throughporesexposedon or
intersectingthe volume's surfacearead A (Figurel) andn
is the unit normalof theareaelementdA. Clearly, we wish
to expressthe areaintegral in termsof the divergenceof the
averagevelocity vy andthe porosity ¢. However, this is
only permissibleundercertainconditionsrelatingto the size
of the volume §V. In particular considera cubic volume
centerednthepoint (z, y, z) andextendingovertheranges
x—0z/2 <z <zx+dx/2,y—0y/2 <y <y+dy/2,
z—02/2 < z < z+ 02/2, wheredV = dzdydz. We can
examinethe areaintegral over just onefaceof this volume,
say at the faceparallelto the y — 2 planeandlocatedat
x + dz/2. Wefirst requirethatary integral (atary x) over
theareadydz includesasufficientsamplingof poresin order
to be continuousn z, andthusthe areadydz cannotbetoo
small. However, we alsorequirethatdz is smallenoughfor
this integral to vary no morethanlinearly in z. With these
limitations,andapplyingtheintegral mean-aluetheorento
linearfunctions,we maywrite

(10)

z+6z/2 y+dy/2
Uy, Odydz

z—6z/2 Jy—éby/2

1 4oz y+d0y/2
B g/z /y—éy/? z—82/2

=vy, (z +02/2,y,2)p(x + 02/2,y, 2)0ydz.

z+dz/2
z+62z/2
Uy, Odydz] dx

(11)

This givesa practicalexampleof the sizeconstrainton dz,

dy, andéz. For this integral the areadydz cannotbe too

small,but §z cannotbetoo large;consideringhe otherarea
integrals, the sameconstraintexists for all permutationsof

éz, oy, anddz, andthusthe lengthsegmentscanbe neither
too big nortoo small.

The integratedfluxesthroughthe otherfive facesof the
volumeleadto similar resultsasin (11); the sumof all the
resultingareaintegrals,dividedby 6V, canbereplacedvith
a divergence,assumingsmall enoughdz, dy, andédz, and

thus(10) becomes

g—f—FV-[(ﬁVf] =0.
(However, sincedz, dy, anddz arenot,in fact,infinitesimal,
spatialdifferentialoperatorsn two-phaseheoryareonly ap-
proximationsof their normal continuumcounterparts.)An
identicaltreatmenitanbe madefor the massof matrix ma-
terial leadingto the symmetricequation

(1 —¢)
ot
Material invariancebetween(12) and (13) meansthat re-
placementof f by m, and¢ by 1 — ¢, in (12) gives(13)
andvice-versa.

We may also define mixture and differencequantities,
given,for ary generalquantityq, by

(12)

+V-[1 = ¢)vm] = 0. (13)

7= ¢qs + (1 = ¢)qm, Ag=gm—q;, (14)

respectiely; g is, of coursemateriallyinvariantor symmet-
ric, while Agq is antisymmetric. We canthus combinethe
massequationsn two ways, i.e., by first adding(12) and
(13)toyield

V.v=0 (15)

(where¥ is the mixture or meanvelocity) and secondby
finding (1 — ¢)x (12) —¢x (13),to obtain
0
6—f+v-V¢:V-[¢(1—¢)Av]
(whereAv is thevelocity differenceor phaseseparatiorve-
locity). An interchangeof the implicit subscriptsf andm
leavestheseequationsinchanged.

The entire developmentabove is, of course,fairly triv-
ial and hasbeenpresentednnumerabletimesandin vari-
ousformsin previous papersandtexts [Drew, 1971; Drew
and Seayel, 1971; McKenzie 1984; Ganesanand Poirier,
1990; Ni and Bedkerman 1991]; we have only provided it
to demonstratéhe formalism, aswell asthe necessanas-
sumptions,for obtainingfurther conseration laws, which
aregraduallymorecomplex andnovel.

Before proceedingto the other conseration laws, it is
necessaryo establishone more relation regardingvolume
integralsinvolving productsof fluid or matrix velocity and
V0; these|n particular arisewhenwe considerstressten-
sors. Sincethe individual phasesare assumedncompress-
ible, theirtruevelocitiesaresolenoidal(V - vy = V - v,;, =
0). Thereforethe averageof the divergenceof the fluid ve-
locity overthefluid volumeis zero,leadingto

1 -
W/W(v-vf)adv

1 - -
- W/W[v-(vfe) %, V8ldV =0

(16)

(17)
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Given the sameconstraintsand assumptiondeading from
(10)to (12), thisrelationyields

A /W ;- V8dV = V - [gv;] (18)

We arrive by similar algumentsatthe symmetricrelationfor
thematrix velocity field

6V/ Vm -V

Both (18)and(19) areobviouslyrelatedio changesn poros-
ity through(12) and(13).

—0)dV =V -[(1-¢)vn] (19)

4. Momentum Equations

For simplicity, we assumgalongwith mary otherstud-
ies, e.g., McKenzie[1984]; Richter and McKenzie[1984];
Spigelman[1993a,1993b,1993c])thatboth fluid andma-
trix undego creepingflow; thatis, their forcesare always
in balanceandthus acceleratiorand inertia are neglected.
An extensionof this to higherReynoldsnumbersystemss
tractablg Loperand Roberts 1978;Hills etal., 1983,1992;
Bennonand Incroprera, 1987; Ganesarand Poirier, 1990;
Ni andBedkerman 1991;Loper, 1992].

The total force on the fluid phaseis the sumof surface
andbodyforcesactingonthefluid partof thevolume;since
theseforcesareassumedo balanceyve arrive at

o:/ Qf-(eﬁdA)+/ ﬂf-ﬁidA-i-/ pgfdV, (20)
JA §A; vV

whereg; is the true total stresstensorin the fluid, g is
the fluid body force per unit mass,H ; is the effective in-
terfacial stresstensor and A; andn; arethe areaand unit
normal of the fluid-matrix interface (and, obviously, n; =
—V8/|V4)|). Thefirstintegral ontheright-handsideof (20)
representshe netsurfaceforceactingon thefluid thatis ex-
posedat the surfaceof thevolumed V', while the secondn-
tegral representshe netinterfacial force, that is, the force
actingonthefluid atthefluid-matrix interface(alsoreferred
to astheinteractionforce[Drew andSegel, 1971;McKenzie
1984]). Giventhatthe fluid is anincompressiblésoviscous
medium,then

o;=-Pl+1, (21)
whereP; is thetruefluid pressureand
7y =ny (VI +[VY]) (22)

is the true viscousdeviatoric stresgtensor([ ]¢ impliesten-
sortranspose)Moreover, we assumdor now thatthe body
force per massis the samefor both phasesandis entirely
gravitational: g = —gz, whereg is gravitational accelera-
tion. We canusepreviousargumentsnvolving areaintegrals
(again,seethe discussiorsurrounding(11)) to rewrite (20)
as

0=—-V[pP]+ V- [¢7]

— pspgz + hy, (23)

whereP; is the pressureveragedverthefluid volumeand
T is the viscousstresstensoraveragedover the fluid vol-
ume. Theinteractionforce hy resultsfrom forcesactingon
thefluid acrosgheinterface.A similar developmentfor the
matrix resultsin

0=—V[1=¢)P.]+V-[(1-¢)1,,]

— pm(l = P)gz + h,, (24)

whereP,, andr,,, aretheaveragepressureandstressn the
matrix, while the interactionforce h,,, resultsfrom forces
actingonthe matrix acrosghe interface.

Giventhecompleity of theinterfacebetweerthephases,
preciseknowledgeof its orientationandlocationusingthe
continuum(i.e., volumeaveraging)approachs notpossible.
Thustheinterfacial forcesh; andh,, aredifficult to quan-
tify andhave beenthe subjectof muchdiscussiornn thetwo-
phaseliterature [Drew and Sagel, 1971; McKenzie 1984;
Ganesarand Poirier, 1990]. They aregenerallytreatedas
effective body force vectors,which, in the absenceof sur
facetension,areequalandoppositeg Drew and Segel, 1971;
McKenzie 1984]. However, they arenot equalif the inter-
facehasan intrinsic surfacefree enegy andtension. The
surfacetensionforce actingon a control volume§V is ap-
parentwhenconsideringhetotalforceonthewholevolume
&V of thefluid-matrix mixture, which leadsto

0=—-VP+V . -T—pgz+ i/ stdt  (25)
oV Je,
(see(14) for the definition of mixture quantitiesP, 7, and
p), whereg is thetruesurfacetension(with unitsof N m_l),
whichdiffersfrom surfacefreeenegy (denotedy ¢; in sec-
tion 5 and AppendixA2), C; is the curve which tracesthe
intersectiorbetweertheinterfaceandthesurfaceof thecon-
trol volume(seeFigurel), d/ is aline elementalongC;, and
t is a unit vectorthatis both normalto the line elementd?
and tangentto the interface (Figure 2)[seealso Drew and
Seel, 1971]. However, we seekthe effective surfaceten-
sionforce actingon an elementof surfaceareadA (asmall
segmentof § A); theelementd A itself containstheintersec-
tion curve ¢;, which is a small portionof C;. As shovn in
AppendixAl, we can,with isotropy, replace f &tdl with
candA, wheres is areducedsurfacetension(the reduction
istypically O(1); seeAppendixAl). Thussummingoverall
areaelementsn 4 A, the net surfacetensionforce per unit
volumebecomeg1/4V) [; , candA, in which casethenet
forceequatiomassumesheform
0=-VP+V-7—pgz+V(ca). (26)

The last term in (26) is an effective surfacetensionbody
forceonthetotal mixture. (If wewereto allow for anisotroyy,
then . &t d¢ would be mostlikely relatedto oa - idA, in
which case the surfacetensionforce would be replacedby
atermproportionalto V - (ca); seealsoDrew and Segel
[1971].)
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Figure 2. Side view of a crosssectionof a segment of
the mixture adjacento the surfaceof a control volume (as
shawn in Figurel); the solid line on the left of the rectan-
gular sampleshaws the surfaceboundarywhile the dashed
boundariesndicatethatthe sampleis connectedo therest
of the volume. Black andwhite materialis the sameasin
Figure1l, thatis, they representitherfluid or matrix. The
unittangentdo theinterface(attheintersectiorwith thesur
faceof the controlvolume)t andunit normalto the surface
of the controlvolumen areillustrated;seetext surrounding
(25)and(26).

The force equationdor eachphase(23) and(24), must
sumto equal(26), indicatingthat
hy +h, =V(sa) (27)
[seealsoDrew and Seyel [1971]. Equation(27) might be
easily misconstruedas a stressjump conditionsinceit ap-
pearssimilarto thejump conditionfor theinterfacebetween
two fluids with surfacetension[Landauand Lifshitz, 1987;
Leal, 1992]. Suchajump conditionis requiredataninternal
boundarywhoseshape|ocation,andorientiationareknown
and that separateswo adjacentbut distinct fluid volumes
that do not individually fill the entire domain. Given the
continuumapproactof two-phaseheory however, the spe-
cific locationand orientationof the interfaceare unknown;
theinterfaceaswell asthe two phasesretreatedascontin-
uousquantitiesthat exist at all pointsin thedomain. (Even
if anisotropy is allowed,thetensora givesonly theaverage
orientationof fabric dueto the interfacebut not the loca-
tion and orientationof the interfaceitself.) Thusthe two-
phaseequationsdo not requirean internalboundarycondi-
tion, andthe inappropriateimposition of sucha condition
would leadto an overdeterminegroblem. Therefore(27)
doesnotindicatethatthereis ajumpin theinteractionforces
but ratherthat the interactionforcesthemseles eachcon-
tain somecomponentof the surfacetensionforce. Since
surfacetensionactsthroughthe commoninterfacebetween

fluid and matrix, thenthe volume-aeraged effective body
force V (ca) actsequallyonequal-sizegarticlesof fluid or
matrix (i.e., it doesnot actdifferently on the two phasesas
does say thegravitationalbodyforce); we thusassumehat
atary point (or infinitesimalvolume)in the mixture a frac-
tion ¢ of this force actson thefluid, while afraction1 — ¢
actson the matrix. We thereforewrite

h; =7+ ¢V (o) (28)

hyp, = -1+ (1-¢)V(ca) (29)

wheren is the componenbf the interactionforcesthatact
equallyandoppositelyto eachother;(28) and(29) automat-
ically satisfy(27).

Theforcen hasfew constraints By materialinvariance,
7 hasto be a function of vectorvariablesthat are antisym-
metric to a switch of the subscriptsf andm, suchas Av
andV¢. Moreover, n mustaccountfor (1) the viscousin-
teractiondueto relative motion betweenthe fluid and ma-
trix and (2) pressureacting at the interface. The simplest
viscousinteractionforce that preseres Galileaninvariance
(frameindependenceis c(v,,, — vy) = cAv, wherec is a
scalarto be discussedurtherbelow [Drew and Seyel, 1971;
McKenzie 1984]. The pressurecontrikution to the interfa-
cial forcemustallow for equilibrium(nomotion)whenpres-
sureis constanteverywhere;for example,at leasta portion
of this force mustcancelthe partof the pressurdorce term
in (23)thatgoesas— Py V¢ (andsimilarly for (24)). There-
fore themostbasicform of theinterfaceforceis

1 = cAv + P*V ¢, (30)

where P* is someaveragedoressureghat mustbe the same
in eachphaseandis invariantto a switch of f andm. In

generalwe write P* = vPf + (1 — v) Py, Wherey is some
unknown weightingthatis < 1 andthat, like ¢, switches
to 1 — ~ if f andm are switched. (Note that in writing

P* asafunctionof Py andP,,, we assumehatthe interfa-
cial averagepressuresirelinearly dependenbn the average
pressurefn eachphaseseeDrew and Passmarj1999]for a
discussiorof interfacial pressure.Also, if the systemwere
anisotropictherelationfor n would needto beadjustedsee
thecommentattheendof section4.3.

It is importantto recognizethat n representghe equal
and oppositeforce of one phaseagainstthe other, not the
forceof eitherphaseagainssurfacetensionontheinterface.
In fact,onecanseeby (26) thatall the otherforcesinvolving
VP andV - 7, etc. work againstthe surfacetensionforce
V(oa). (Indeed,the correctstressjump condition arises
from integrating (26) abouta vanishinglythin volume cen-
teredon theinterface,accountingor thatthefactthata be-
comesa Dirac é functioncenteredn theinterface(see(b)),
not by integrating(27) aboutthe interface.) Thustheforces
h; andh,, includesurfacetensionwhile all theotherforces
potentiallybalancesurfacetension.

Thereforeuponsubstituting

hy = cAv + [yP; + (1 —v)Pp]V¢o + ¢V(ca) (31)
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hy, = —cAv—[yP;+(1-7)Pp]Vé+(1-¢)V(oa) (32)

into (23) and(24), we obtain(aftersomerearrangement)

0=—¢[VPs+psgz] + V - [¢7/]

+cAv + (1 —y)APV + ¢V (ca)  (33)

0=-01-9¢)[VPn+pmg2] + V- [(1-¢)T,,]
—cAv+~yAPVo + (1 —¢)V(oa) (34)
We canestimatey by consideringthe conditionsfor no

motion; this requireszero velocities, zero nonhydrostatic
pressuregradients,zeroviscousstressesand a constanto
(sinceagradientin surfacetensionin aviscousmediumcan
only be balancedby viscousstressesseeLandauand Lif-
shitz 1987;Leal, 1992).In this case(33) and(34) become

(1-v)APV¢ + ¢oVa =0 (35)

YAPV¢+ (1 —¢)oVa =0,

which canonly bothbetrueif v =1 — ¢.

Ontheassumptiorthaty = 1 — ¢ for all situationsour
equationdecome

(36)

0==¢[VP; +prgs] + V - [p1]

+ cAv + ¢[APV¢ + V(oa)] (37)

0=- (1_¢) [VPm'i‘ngi]"‘V‘[(l—@Im]
—cAv + (1 - ¢)[APV¢+ V(ca)]. (38)

Theforceequationsn theform of (37) and(38) areby no
meanscompletesincethereare variousissuesthat remain
to be developed,suchasthe natureof the surfacetension
force, the form of the volume-aeragedviscousstresseg
andr,,, the meaningof ¢, etc. We will dealwith thesese-
guentially

4.1. Surface TensionForceand Interface Equilibrium

As discussedn section2.2theinterfaceareadensity« is
assumed function of ¢ whereinda/d¢ is the sumof av-
erageinterfacecurvatures.With this assumptiorthe surface
tensionbodyforcein (26) becomes

do

V(ca) =qu§

V¢ + aVo. (39)
The first term on the right-handside of (39) representshe
surfacetensionforce dueto interfacecurvature,while the
secondterm is a force due to gradientsin o itself which
resultfrom temperaturdluctuations(or gradientsin surfac-
tants;LandauandLifshitz, 1987;Leal, 1992).Gradientsn o
yield effectssuchasMarangonicorvectionwhereintemper
atureanomaliesn anexposedthin fluid layer causembal-
ancesin surfacetensionat the layer’s free boundarywhich
in turn drive motion (seereview by Berg etal. [1966]).

In the caseof no motion, asin (35) or (36) usingy =
1 — ¢, therecan be no gradientin ¢ (which canonly be
balancedy viscousstresse afluid [Landauand Lifshitz,
1987; Leal, 1992]), andthe force equationsyield the equi-
librium surfacetension(Laplaces) condition(assuminghe
forcebalanceholdsfor all V¢)

da

Pf - Pm = U%

(seealsoAppendixA2). However, we mustemphasizehis

conditionis only true when the systemis static or quasi-

static, adiabatic,andin equilibrium; a more generalcondi-
tion will beexploredin sectionb.

(40)

4.2. AverageViscousStressTensors

To obtaina closedtheory it is necessaryo expressthe
averageviscousstressensorsr f andr,, in termsof aver-
agevelocitiesvy andv,,. While the assumptiorthatthese
stressebey the constitutize laws for single-phasemedia
[e.g., Loper and Roberts 1978; McKenzie 1984; Loper,
1992]is somavhatadhoc,we canprovide someconstraints
which partially justify suchanapproach.

By our definition of volume averaging,the averagevis-
cousfluid stressr ; is givenby

¢1; =uf$ /5 (Vo [vv ) edv (@1)

giventhaty is assumedonstantDerivationof therelation
betweenr ; andv; requiresanevaluationof theintegral of
thetruevelocity gradientspy consideringpnegradientterm
we canwrite (againgiventhe sameassumptiongssociated
with (11))

1 ) 1 ) N
W/W(va)edv = W/W [V(6%;) — (VO)¥;]dV

= V(v -

57 W(VG)Vde.

(42)
The othervelocity gradientterm can be treatedidentically,
leadingto

o1 = ps {V(gvs) +[V(gvy)]' — (U +UY)}, (43)

where

1

= — vidV. 44
Uy =55 [ (V0)5sav (44)
ThetensorU . containsbulk informationaboutthefluid ve-
locity at the interface;its evaluationis by no meanstrivial
and hasbeengiven a variety of treatment Ganesanand
Poirier, 1990;Ni and Bedkerman 1991]. Aithough U ; can-
notbesolvedexactlyin termsof averagevelocities thereare
severalfundamentatonstraintshatcanhelp usestimatets
form:

1.0, mustcontainatermto insurethatthe stressensor
T, is Galileaninvariant. In particulay it musthave a part
thatdepend®n (V¢)uy, whereuy is someasyetundefined
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velocity; in this case the stresgsermsdependenon velocity
in (43) will appeams(V¢)(v; —uy) therebyremoving the
velocity of theframeof reference.

2. Thetraceof U, is givenby (18) andthus

Tr(U;) = ¢V -vy +vy -V (45)

3. Thewholestresgensorr 5 itself musthave zerotrace;
thatis, it remaingthe deviatoric stressvenaftervolumeav-
eraging. This is requiredbecauseegardlessof how we do
ary volume averaging,the fluid and matrix are alwaysin-
compressibleandthuswhenthemixtureis exposedo auni-
formisotropicstressijt shouldnotundego compressiomnd
only its pressureshouldincrease.

4. SinceUy; is linearin v; and#é, it is reasonabléo
expectthat it be linearin vy and ¢ (as also suggestedy
(45)).

5. U, mustcontainuniqueterms;thatis, it cannotonly
bemadeup of termsthatmerelycancelall of V(¢v¢), thus
leadingto a null stresstensorz ;. In otherwords,although
U; = V(¢v;) would satisfyall the previous constraintsit
would alsoleadto T; =0, whichis unacceptable.

6. Finally, ary stressensorr ; resultingfrom the choice
of U, musthave a positive definitecontribution to the dissi-
pationfunction,i.e., Vv, : 7, > 0, in orderto satisfythe
secondaw of thermodynamicsseesection5 for discussion
of dissipation.

The simplest(but by no meansunique)form of U, that
satisfieghesesix basicconstraintds

Ef = (V¢)Vf + é(ﬁv . Vfl. (46)

This leadsto a stresgensorgivenby

OT; = Py (va +[Vvy]t - ;V : Vfl) ,  (47)

which is, of course,the simple deviator for nonsolenoidal
velocity fields andis thusintuitively appealing.By similar
argumentsandby symmetrywe arrive attherelationfor the
averagematrix stresgensor

1=@)r,, = 1—P)pm (va +[Vvn]t - %V . le) .

(48)
Neither (47) nor (48) explicitly containthe bulk viscosity
term usedby McKenzie [1984] since we have precluded
compressionunder a uniform isotropic stress. However,
isotropic compactionis allowableif the two phasesexpe-
riencedifferentisotropic stressesfor example, the matrix
is isotropicallyloadedbut thefluid is left freeto escapgD.
McKenzie,personatommunication2000); asdiscussedn
section5 (seethe explanationsurrounding(68)), this pro-
cessis treatedthroughthe pressurdifferenceA P instead
of througha bulk viscosityeffect.

Theconstitutve laws (47) and(48) aresomavhatsimpler
thanthosearrivedat by variousworkers[Ishii, 1975;Ni and

Bederman 1991] and not very differentfrom what others
[Loperand Roberts 1978; McKenzie 1984] have assumed
wouldbetheconstitutivelaws. However, while (47)and(48)
arenotderiveduniquely, they arearrivedat morerigorously
than usual,and their deductionfrom the above considera-
tions partially justifiestheir simpleform. Finally, we briefly
notethatif we wereto consideranisotroyy it undoubtedly
occursin the tensorU; (andits matrix counterpartjas it
derivesfrom integrals of the quantity V§; we would thus
assumehatan anisotropicversionof U, would involve a,
therebyleadingto ananisotropicstresgensor

4.3. Interaction Coefficientc and Darcy’sLaw

Thefluid force equation(37) reduceso somethingsim-
ilar to Dargy’s law whenz ¢ (or morepreciselypuy) is neg-
ligible andAPV ¢ + V(o) = 0 (implying thateitherthe
pressuredrop balancessurfacetensionor that surfaceten-
sionandthe pressuralroparebothzero),i.e.,

c(vi —vm) = —¢(VPs + prgz) (49)
[seealsoMcKenzig 1984]. If thereis sufficientinterconnect-
ednesf pores,(49) suggestghat the coeficient ¢ should
be relatedto the permeabilityof the matrix andthe viscos-
ity of thefluid, i.e.,c = py¢?/k, wherethe permeabilityk
is a function of porosity ¢ [McKenzie 1984; Ganesarand
Poirier, 1990]. However, this relationfor ¢ cannotbe used
generally(i.e.,for arbitraryviscositiesinceit wouldviolate
materialinvariance(i.e., symmetryto a switch of subscripts
m and f) of the force equationg37) and(38). We canes-
timate a more generalexpressionfor ¢ by consideringthe
balanceof viscousforcesat the fluid-matrix interface. We
assumethat (1) the forcesrepresentedy cAv arisefrom
viscousdeformationat the pore and grain scale,i.e., due
to deformationof fluid or matrix within the pore or grain;
(2) the scalesfor the viscousforce per volumein the two
phasehave similar forms; and(3) theseforcesmatchat the
interface. Theseassumptiongeadto arelationshipbetween
viscousforcescales:

Vm —V; Vi —Vy

(50)

wherev; is the interfacevelocity and §; is the typical size
of anelementof phasej (meaningafluid poreif j = f and
a matrix grainif 5 = m). (Equation(50) accountsfor the
factthatasin simpleshearacrossa boundaryif v, > v;,
thenv; > v;.) By solvingfor the interfacevelocity v; in
termsof v; andv,,, we canestimatetheviscousforcescale
(eithersideof (50)) andequatet to theinterfaceforceonthe
fluid, leadingto

_ Nmﬂf(vm - Vf)

- = . 51
=Y

(Vi

If we assumehatd; andd,, arerelatedto permeabilityk
and(like permeability)areassumedo be functionsonly of
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porosity¢, thento presere symmetryof theequationgma-
terial invariance) they mustbe relatedto the samefunction
of porosity i.e.,

Sp=6(¢)  Om=0(1—0)

If wewishto recoverDargy’slaw, thenin thelimit gy < pm
we obtain

(52)

_m g
k(g) — 0%(¢)’

which implies we would used(¢) = /k(¢)/d. As ex-

pected permeabilityis relatedto poreand/orgrain sizeand

thuscontainsinformationaboutthe mixture’s fabric; there-

fore k is necessarilyalsorelatedto the interfacedensity«

(seesection2.2). If poreandgrainsizesareuniquelyrepre-

sentecby permeabilitythena generaform of ¢ is
pmpiy ¢ (1 — 4)?

= LRI - OF Tk gz Y

which hasthe propersymmetry

The dependencef permeabilityon porosity has vari-
ousforms[Bear, 1988; Furbish, 1997], althoughtheseare
largely basedon empiricalestimatesn which the matrix is
immobile (1, > py). For small porositiesone often uses
thesimplemodelk(¢) = k,¢™ [seeSpigelman 1993c,and
referencesherein]. If thereis not sufiicientinterconnected-
nessof poresandyuy is not < u.,, thenuseof Dargy’s law
asa constraintis not valid, althougha relation of the form
givenin (51) is probablystill generalenoughto even cap-
turerelative motionof isolatedbubblesin a matrix [e.g.,see
Batdhelor, 1967].

Regardlessof whetheror not we use permeabilityand
Dargy’s law, it is clearthat ¢ dependson grain and/orpore
sizeandthusshouldbe relatedto the interfaceareadensity
a (seesection2.2). Thus,if thesystemwereanisotropicwe
would likely replacec with a tensorc thatis relatedto a,
andtheinteractionforce cAv would bereplacedy ¢ - Av;
by the sametoken, an anisotropicpermeabilityalso should
be determinediy . Moreover, the part of the force n that
representapressurectingontheinterface(see(30)) would
likely be proportionalto V - o insteadof V ¢.

(53)

pi/pm—0

5. Energy Consewation, Surface Energy, and
Damage

Sofar, we havederivedeightconserationequationstwo
continuityequationg12) and(13) (or alternatvely (15) and
(16)) from conserationof massandsix forceequationg37)
and(38). However, evenwithout anisotropy, this systemis
still underdeterminedincewe have nine unknovns, poros-
ity ¢, six velocitiesvy andv,, (or alternatvely v andAv),
andtwo pressure’s and P,,, (or alternatiely P andA P).

To someextent, the ninth relationthat we seekis a con-
straintonthepressuralifferenceA P. For example,a possi-
ble ninth equationwould be the simple equilibrium surface

tensionrelation(40); while thisis alegitimateequationjt is
only valid for zeroor weakmotion andassumegonditions
of thermodynamiequilibriumandisentropy (seeAppendix
A?2), which arenot generalconditionsandareinappropriate
for problemsinvolving large viscousforcesand/orrapidly
deformingsystemsTo incorporatedeformatiorandviscous
stressit is temptingto positavectorjump conditionontotal
stresssuchasAr - V¢ — APV ¢ = V(oa), whichwould
beanalogoudo aninterfacecondition[ Landauand Lifshitz
1987;Leal, 1992]in which V ¢ senesascrudeproxyfor the
unit normalto theinterface.However, asstatedearlier, such
conditionswould bevalid only if theinterfacewerewell de-
lineatedand thus requireda boundarycondition acrossit.
With theaveragingimplicit in a mixturetheorytheinterface
is not delineatedit is, instead,mathematicalljtreatedasa
continuousquantity that exists at all pointsin the domain
with aparticularconcentratiorfin this case areapervolume
«); thusavectorjump conditionwould beinappropriateand
wouldimposeanoverdeterminedness the system.

Perhapshesimplestrelationfor A P, theequilibriumsur
facetensioncondition (40), is generallyderived from ba-
sic thermodynamicgi.e., consenation of enegy assuming
equilibrium, or minimum enegy, andisentropicconditions
[Landauand Lifshitz, 1987; Bailyn, 1994]); seeAppendix
A2. In this sectionwe attempto infer aninth equatiorto ef-
fectively constrainA P from amoregenerathermodynamic
approachj.e., conseration of enegy far from equilibrium
andwith entrogy production.

Ourbasicenegy conserationlaw differslittle conceptu-
ally from that derived previously [McKenzie 1984; Poirier
et al., 1991]; the time rate of changeof internal enegy
within a control volume §V' is governedby (1) the rate of
loss of this enegy throughthe surface of the volume via
bothmasstransportanddiffusion;(2) therateatwhichwork
is doneon the volume by the net surfaceand body forces;
and(3) therateof internalenegy or heatproduction.Iln our
system,however, the internal enegy containedwithin 6V
existsin not two but threephasesi.e., the fluid and matrix
phasesndtheinterface.Wewill first write down theenegy
consenationlaw andthendiscussthe variousassumptions
thathave goneinto it. If 7 ande,, aretheinternalenegy
per unit massof the fluid and matrix phasesrespectiely
(averagedover the volumesof their respectie phasespnd
&; is the enegy per unit of interfacearea(averagedover a
smallvolumeof the mixture),thentherateof enegy change
pervolumeis givenby

0
5 [¢pf6f + (1= @)pmem +&a| =Q -V -q
=V - (¢presvy + (1 = @)pmemVm + &av)
+V - (=¢viPr — (1= @)v Py
+ovy-Tp+ (1-@)Vm -1, +Voa)

—¢vy- (pfgi) —(1=¢)vm - (pmg2), (55)

where( is theinherentrateof enegy (heat)productionper

unit volume, q is the diffusive enegy flux vector(e.g.,the
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heatflow vector). The secondermon theright of (55) rep-
resentghe rateof enepgy transportacrosshe surfaceof the
volume(Figurel), thethird termrepresenttherateatwhich
work is doneby surfaceforceson the surfaceof thevolume,
andthe last two termsrepresenthe rate at which work is
doneby the body forceson the interior of the volume. As
basicasthis equationappearsseveralimplicit assumptions
necessaryor its derivationshouldbediscussed:

1. As appropriatefor our creepingflow systemchanges
in kinetic enegy areneglected/seealsoMcKenzig 1984].

2. In (55) thenonlinearproductsbetweervariousdepen-
dentquantities(in particular velocity with enegy, pressure,
or stress)appearo berepresentednly with the productsof
the volume-areragedquantities. This representatiois not
entirelyaccurateandthereforewarrantssomediscussionin
particular saywe have two true fluid quantitiesA and B,
andtheir averages4 and B aredefinedin the standardvay,
e.g..¢A = (1/4V) [,y A#dV . Thenwe canalsowrite that
A=A+ A" andB = B + B', wherethe averagesof the
perturbationsd’ andB’ arezero. Thevolumeaverageof the
productA andB differsfrom the productof A andB, i.e.,

1 - 1 '
5V /(W ABOdV = ¢pAB + %G /w A'B'6dV.  (56)
The evaluationof the lastterm on the right is, of course,a
classicproblemin turbulencemeanfield and closuretheo-
ries. In problemsof heatand chemicaltransportin porous
mediathis term is typically parameterizednto a quantity
called dispersion,which mathematicallylooks very much
like diffusion[Bear, 1988;Furbish, 1997]. While this type
of dispersve transportmight be a reasonablaepresenta-
tion of the bulk transportterms, i.e., the nonlinearprod-
uctsbetweenvelocitiesandinternalenegies, it is possibly
lessjustifiedfor theproductsbetweenvelocitiesandstresses
or pressuresA rigorousestimateof thesenonlinearterms
invariably requireshigherorder closuretheories,introduc-
ing yet more equationsand unknavns. While this problem
might prove fruitful in future studies,we presentlyopt to
maintainthe maximumlevel of simplicity. We thusassume
that the nonlineartermsin questionare zero (meaninges-
sentially a zero correlationbetweenthe quantitiesA’ and
B', regardlesf whatthesequantitiesare)or thatthey can
be deemeda form of dispersionandthusabsorbednto the
guantityq (thusq would not necessarilyepresenbnly heat
flow). Neitherassumptioris completelysatishictory yetthe
alternatvesarelessso.

3. As discussedn section4, surfacetension whenaver-
agedoveranareaelemenbnthesurfaceof acontrolvolume,
exertsa force perareacan (wheren is the unit normal of
the areaelement). Sincethis effective averagedforce acts
equallyon particlesof matrix andfluid (giventhatit actu-
ally actsthroughtheir commoninterface)we assumehata
fraction ¢ of it actson fluid which movesat velocity v,
while a fraction1 — ¢ actson matrix which movesat ve-
locity v,,. Thusthe net rate of work done (per area)on
materialat the surfaceby surfacetensionis assumedo be

(¢pvy+ (1 —@)vy) - (can) = v - noa. Theintegral of this
rate of work over the surfaceof the control volume, taken
per unit volume, of course,leadsto the term appearingas
V- (Voa).

4. Thesurfaceenegy pervolume¢;a is anaveragequan-
tity for thetotal volumedV andis thusrepresentedsa vol-
umetricenegy density Sincethe actualsurfaceenegy ex-
ists on the commoninterfacebetweenphasesthe volume-
averagedeffective enegy density&;a is the samefor both
fluid and matrix. Moreover, this enegy is assumedrans-
portedby thephaseslsoaccordingo their volumesihatis,
while eachphasehasthe sameeffective enegy density of
thetotal enegy in thevolumedV thefluid carriesafraction
¢ atavelocity vy, andthe matrix carriesa fraction (1 — ¢)
atv,,,. Thusthetotal bulk transportor flux of &;«a is simply
Giafpvy + (1 = @)vm] = Giav.

The enepgy equationcanbereducedn the standardvay
by employing continuity equationg(12), (13), and/or(15),
(16) andmomentum(force) equationg37), (38) to arrive at
(aftersomealgebra)

DfEf Dmf;‘m E&a
¢p1—py + (1= d)pm—p, D
_ D¢ >
= @Q-V q—APD—t+cAv

+ ¢Vvi T+ (1= ¢)Vvy 11, (57)
whereD; /Dt = 0/0t + v; -V (in whichj = f orm),
D/Dt =08/t + v - V,andAv? = Av - Av. However, we
have,with our ninthandnew equationjntroducedhreenew
dependentariables:¢, €,,,, andg;.

Becausdothphasesreconsideredncompressiblepres-
surecannotdowork to changeheinternalenepiesof either
phase. Thus, by basicthermodynamicghe internal ener
giesof the phases:; ande,, areinfluencedonly by their
respectie entropies,which are themseles only functions
of temperatureno adiabaticheatingcanoccurin this case
[cf. McKenzie 1984]. If we assumethat the two phases
have differenttemperaturesywe have not reducedthe num-
berof unknavns. Thus,for simplicity, we makethecommon
assumptiorthat the phasesarein thermalequilibrium with
eachother[e.g., McKenzie 1984, Poirier etal., 1991]and
thushave the sametemperaturd’; thethermalequilibration
time betweenphasess likely to go as (ka2) !, wherex
is thermaldiffusivity (which is of order10=¢ m?2 s=1) and
a, ~ 10® m~1! (seesection2.2.1) and thus thermalequi-
libration betweenphasesis possibly nearly instantaneous
(at leaston geologicallyrelevant timescales). Thus, given
incompressibilityand a single temperaturewe write the
enegy increments(exact differentials)de; = c¢ydT and
dem = cpdTl’, wherecy andc,, arethe heatcapacitiesof
the two phasegwhetherfor constantvolumeor pressurds
irrelevantif the phasesreincompressible).

For our simple system both the surfaceenepgy per area
& andsurfacetensiono arefunctionsof T' only andcanbe
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relatedaccordingo

do

§i=0—TdT

(58)
(seeAppendixA2). Thefactor—do/dT is the entropy per
unit areaon the interfaceand is expectedto be a positive
quantity[Berg etal., 1966;Tiller, 1991a;Bailyn, 1994](see
AppendixA2; cf. Cardin etal. [1991]). Thusthe surface
tensione is generallyfoundto be a decreasingunction of
T,e.g..oc = A(1 — 5T) [Bailyn, 1994]. Suchalinearo(T)
functiononly canbetruefor sufiiciently small 3T sinceit is
implausiblethato, which representshe electrostatiattrac-
tion of interfacial moleculesfor their own specieswould
becomea repulsionat high enoughT’; however, o could
concevably vanishat very high 7', meaningthe two phases
becomaniscibleif hotenough.Thusit maybemoreappro-
priateto statethato = Ae 87 [seealsoStraub, 1994].

Note thatin writing (58) we assumeéhat¢; is relatedto
theeffective or geometricallyreducedsurfacetensions (see
AppendixAl) andthusmustbethereducedsuriaceenegy
itself. Thisis donefor consisteng with theassumptiorthat
the surfacetensionwork doneon the mixture is enactecdby
o (aspertheforceequation(26)). As notedin AppendixAl,
thereductionin surfacetensionwith theaveragingapproach
is notlarge,i.e., of O(1). Moreover, the underestimationf
& canalso be thoughtto partially compensatdor the ne-
glectof nonlinearfluctuationenegy sourcesandfluxes(see
assumptior, following (55), andthe closingdiscussiorin
AppendixAl).

With the abore assumptionsegardinge ¢, €,,, and¢; the
enegy equationcanberecastwith minor algebrajas

_ET D [do -
bt ~ 1D (d_Ta) =Q@-V-a
D¢  Da
where
U =cAV +¢Vvs:iT;+(1—¢)Vvp i1, (60)
pe = dpscs + (1 — @) pmem, (61)

D 1 D D

D1 = o (90ses g + (1= Dpnen' ). (62
We have arranged59) to describethe relationbetweenen-
tropy growth (whichwould betheleft-handsideof theequa-
tion, lessa factor of T') and possibleentrogy sources(the
right-handside). The secondterm on the left-handside of
(59) accountdor interfacialentrogy growth.

The last term on the right-handside of (59) o Da/Dt
accountsfor the growth in reversible surface enegy (per
unit volume)dueto surfacetensionwork (seeAppendixA2,
equation(A19)). We know from interfacestresgump con-
ditions[Landauand Lifshitz, 1987;Leal, 1992]thattherate
of changeof this enegy is drivenby mechanicaivork from

the pressureandviscousstresdields, which arerepresented
by thethird andfourth termson the right-handside of (59),
i.e., ¥ and —APD¢/Dt; however, only portionsof these
work terms,thereversibleportions,affect reversiblesurface
enegy, while theirreversibleportionscontribute only to en-
tropy production.

Even from simple surfacetensionequilibrium we know
thatthepressurelifferenceA P affectssurfaceenegy. How-
ever, in nonequilibrium,whendilation or compactioris oc-
curring, a portion of thework doneby A P arisesfrom vis-
cousresistancéo dilation/compactiorfseeAppendixB) and
is thus necessariliyirreversible. We mustthereforeassume
thatpartof AP involvesirreversible(viscous)deformation,
andwe will referto this partasAP;.. The pressurevork
actingon the interfaceto changereversiblesurfaceenegy
isthus—(AP — AP;,.) D¢/ Dt, while the portioncontribut-
ing to entropy productionis —AP;.D¢/Dt. However, by
the secondlaw of thermodynamicsthis sourceof entrogy
productionmustbe positive definiteandthus

D¢
AP, =-B Dt
where B is a positive coeficient with units of viscosity
From micromechanicamodels(see Appendix B) one can
infer a simple materially invariantform of this coeficient
givenby

(63)

(ps + pm)
B = Koia
P(1-¢)
whereK, is adimensionlessonstanof O(1).

As statedabove, in additionto pressurevork on thein-
terfacewe mustalsoallow for work doneontheinterfaceby
deviatoric stressesThe deformationalwork from all devia-
toric stressess representedby the function . In a single-
phaseviscousmedium,¥ is readilyidentifiedwith thedissi-
pationfunction becausehe deformationis entirelyirrecov-
erableandthus ¥ is a sourceof irreversibleentropy pro-
duction or heating;this would alsobe true in a two-phase
mediumif the interfacehad no intrinsic enegy. However,
in atwo-phasanediumwith interfacialenegy the deforma-
tional work canact againstsurfacetensionto increasethe
interface areaand thus depositenegy into interfacial sur
faceenegy. We thereforeassumehata fraction of the de-
formationalwork associatedvith ¥ goesto deformingthe
interface(i.e.,worksagainssurfacetension)andis storedas
surfaceenepy ratherthandissipatedye considetrthis frac-
tion consenativeor reversible(althoughwe usetheterm‘re-
versible”with somequalifications;seebelow). If we knew
the exactlocationandorientationof the interface,we could
estimatethe portion of ¥ working to deformthe interface
(usingthe stresgump condition[LandauandLifshitz 1987;
Leal, 1992]); however, in anisotropicmixturetheorythein-
terface, like the phasest separatesgnathematicallyexists
at all pointsin the medium,andits presences only mea-
suredby the areadensitya. Thuswe cannotknow specif-
ically what part of ¥ actson the interface and storesen-
ergy assurfaceenegy; we canonly assumehata fraction

(64)
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f of U is stored,i.e., is consenative, or involvesreversible
work. The remainingpart (1 — f)¥ is the dissipatie con-
tribution. The quantity f is thus the partitioning fraction
(where0 < f < 1), andwereferto thepartitioningof apor-

tion of ¥ toward work on the interfaceandthusto produc-
tion of surfaceenepgy as“damage”,althoughthis definition
maydiffer from otherdefinitionsof damagde.g.,Ashbyand
Sammis1990;Hansenand Screyer, 1992;Lemaitie, 1992;
Lyakhossky etal., 1997]. The partitioningof deformational
work betweeradissipatve anda storedcomponenhasbeen
noted,in fact, sinceat leastthe 1920s[Farren and Taylor,

1925; Taylor and Quinngy, 1934; Chrysotioosand Martin,

1989,andreferenceshereinJandhasbeenconsideredn ex-

perimental ChrysotioosandMartin, 1989;Chrysotooset

al., 1989,1996] andtheoretical|Lemondsand Needleman
1986;Povirk etal., 1994]studiesof ductile void growth, di-

latantplasticity, andmetalcomposites.

In total, thereversibleportionsof theenegy growth terms
isolatedon the right-handside of (59) mustbalanceor can-
cel since processesnvolving only reversible enegy and
work cannotcontribute to internalentrogy production. (By
analogy in compressiblesingle-phasdluid mechanicsme-
chanicalpressurework is generallyassumedo contritute
only to reversiblethermodynamienengy; thatis, mechan-
ical andthermodynamigressuresireassumeckquivalent.)
We thereforeobtaintwo enegy relations

DT D [do
pe (dTa

01D () e

_ (s +pm) (D’
+ 1-HY+K, 50— 9) (Dt> (65)

__ — — 2
Da D¢ 1y + pm) (Do
— =—-AP— —-K,~—F—— > — ¥, (66
"Dt Dt si-9¢) \Dt) /Y (69
which arebothmateriallyinvariant.

Equation (66) describesa basic thermodynamicwork
statementThatis, thework necessaryo createnew interfa-
cial areaagainstsurfacetensionis providedby the network
of the two pressurdields (acting againsteachotheron the
interface)aswell asby viscousdeformationawork. How-
ever, (66) alsoactsasa nonequilibriumproxy for the inter-
facestresgump (surfacetension)conditionin anisotropic
mediumfor which theinterfacelocationandorientationare
unknown and thus representedyy averagedquantities. In
mary waysit bearsthe sameform asa stress-jumpcondi-
tion, however it involvesratesof work for all pointsin the
effective mediumandis a scalarrelationthat providesone
equationfor AP.

In the limit that thereis zero or negligible motion and
deformationalwork on the interface (i.e., both f¥ and

B (Eqﬁ/Dt)2 ~ 0), (66) becomes

(AP—{—Jd—a) D—¢ =0,

d¢ ) Dt €7

which recovers(40), the equilibrium surfacetensioncondi-
tion, assuming67) holdsfor ary D¢/ Dt.

If surfacetensionanddamagerenegligible (¢ = f¥ =
0), we obtainarelationfor simpleisotropiccompaction

AP — _Ko(lj’f +Nm)%,
¢(1—¢) Dt
whichoccursf eachphasds exposedo adifferentisotropic
stressandtheimbalancedn stressesr pressuresause®ne
phaseto squeezeand expel the otherfrom the mixture (D.
McKenzie,personalcommunication2000). Equation(68)
predictscompactiorof thematrixif P,, > P¢. Theprocess
of isotropic compactionis discussedoy McKenzie[1984]
with a thoughtexperimentinvolving spherically-symmetric
flow [seeMcKenzie 1984, AppendixC; seealsoRicard et
al., this issue). However, in that theory the fluid and ma-
trix pressuresreassumeequialent,andthusresistanceo
isotropic compactionis provided by a bulk viscosity effect
in the matrix. Sincethe bulk viscosity effect is assumedo
resideentirely in the matrix, it canonly apply to a system
thatis explicitly not materiallyinvariant;for example,only
the matrix can provide resistanceo isotropic compaction.
In the theorypresentedn this paper resistanceo isotropic
compactionis insteadprovided by the pressuredifference
AP, the expressionfor which, illustratedin (68), is mate-
rially invariant,dependingpn propertiesof both phasesand
theinterfacetopology
It is importantto note anotherpossibledifferencebe-
tween this theory and some other previous models|e.g.,
McKenzie 1984; Spigelman 1993a,1993b,1993c]. In the
limit 0 = 0, py < pm andthusz, =~ 0, but wherethe
matrix is deformingat a nonneligible rate suchthat (68)
appliesthefluid forceequation(37) doesnotrecoverasim-
ple modifiedDargy’s law but instead

(68)

Kopim %
c(l1 —¢) Dt
which suggestghat the fluid pressuregradientswork not
only to move the fluid relative to matrix but alsoresistthe
force associatedvith collapseor dilation of a nonuniform
matrix (i.e., with nonconstanporosity). If the matrixis not
collapsing/dilating,or gradientsin porosity are negligible,
thenthemodifiedDargy’slaw is recoveredasexpectedi.e.,
Daroy’slaw is anempiricalrelationshipstrictly relevantonly
for stationarymatrix material).

Equation(66) suggestshatwork doneby deviatoricstresses
to changeenegy on the interfaceis always positive, which
may seemcounterintuitve. As a conceptuakxample,con-
sidera bubble stretchedn shearor in an extensionalflow
such that the interface area and thus surface enegy in-
creaseshowever, if onereverseghe shearor extension the
bubbleis theoreticallyunstretchedassumingt hasnot un-
demgoneacapillaryinstability andbrokenup) andits surface
areaandenepgy decreasesHowever, (66) suggestshatthe
deformationalvork actsto make surfaceareaandenegy in-
creaseegardlesf the directionof motion. This resultis a

¢ [VP; + psgz] —

c

Vg, (69)

Vi —Vp = —
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manifestatiorof the imposedisotropy of the system.Pores
areassumedheverto developa preferredsenseof direction,
evenundersheaor extension.Thus,in asensestretchingof
abubbleresultsin moresmallerbubbles,notalong bubble.
Reversingtheshearor extensiorwill notby itself recombine
thebubblesbutinsteadwill breakthemup evenfurtherwhen
it eitheractsto stretchthem(e.g.,in shear)r flattenthem(in
uniaxialcompression)¢reatingeven moresurfaceareaand
enegy. Thus,while thedeformationalvork canbestoredin
anondissipatie fashionon the surfacesthe creationof new
surfaceareaand surfaceeneqy in this formulation cannot
be reversedby imposeddeformationalwork. Thusthe vis-
cousdeformationalvork ontheinterface,or damagewould
have the appearancef beingirreversible,althoughit is not
irreversiblein thetraditionalsensesinceit is, in fact,storing
enepgy on the interface;indeed,this enegy can be recov-
eredas mechanicawork if the bubblesrecoalescdwhich
is allowedin this formulation[seeRicard et al., this issue;
Bercovici et al., this issue). Suchapparenirreversibility is
perhapsin keepingwith cataclasticprocessesvhereinde-
formationalways causeddamageregardlesof whetherthe
original applicationof deformationis reversed.

Constraintson the partitioning fraction f are unfortu-
nately scarce. Empirical calorimetricstudieson deforma-
tion in metals[Chrysotioos and Martin, 1989; Chryso-
chooset al., 1989, 1996] have shawvn that of the order of
15-20% of the appliedwork goesinto surfaceenepy as-
sociatedwith structuraldefects,e.g., voids, microcracks,
andinterfaceqi.e.,thetemperaturef themediumincreases
lessthanwould be expectedf all theviscousdeformational
work wentinto dissipatve heating),althoughfor the initial
phasesof deformationthis fraction is possibly as high as
60% [Chrysotioosand Martin, 1989; Chrysodiooset al.,
1989,1996]. However, the f presentecheredoesnot nec-
essarilyrepresenthis measuregbartitioningfraction. Given
thatdo /dT < 0, the growth in interfacialentropy (the sec-
ond term on the left-hand side of (65)) representsan ap-
parentsink of enegy while the interfacial areais growing
(while Da/Dt = (da/d¢$) D¢/ Dt > 0) andthusthis effect
by itself, evenwith f = 0, would give the resultthat not
all of theinput enegy goesinto increasinghe temperature
of the medium. It would be difficult, in an experiment,to
separatehis effectfrom directpartitioningof deformational
work into surfaceenenpy.

The partitioningfraction f is unlikely to be constantand
clearly mustdependon the propertiesof the medium. For
example,the extentto which the viscousstressesanacton
the interfacemustdependon the interfaceareadensity and
thuswe shouldexpect f to dependon a andthus, implic-
itly, on ¢. Moreover, sincewe assumethat an amountof
deformationalwork f¥ is storedassurfaceenegy on the
interface, we mustalso assumehat no suchwork canbe
storedif theinterfacialsurfaceenepy is zero,i.e.,if o = 0;
thereforef shouldbeafunctionof . Thevariability of f is
discussedurther by Bercovici et al. [this issue]who study
applicationgo shearocalizationanddamage.

6. Summary: Final Governing Equations

For convenienceywe summarizahefinal governingequa-
tionsbelow:

1. Consenration of massyields two alternatie setsof
equations,either a setinvolving transportof the separate
phases

d¢ 3
rr [pve] =0 (70)
o1 —9) +V-[(1-¢)va] =0 (71)

ot
or amixture/differencesetthat prescriberansporiof poros-
ity andcontinuity of averagevelocity

a9

ot +v-Vo=V-[¢(1-¢)Av]

(72)

V-v=0 (73)

andwherethe averageanddifferenceof ary quantityq are
definedasq = ¢gy + (1 — ¢)gm andAq = g, — gy, re-

spectvely. Masscorversionratesdueto a phasechangeare
easilyincorporatednto thetheoryby including AT'/p; and
—AT'/py, on the right-handside of (70) and (71), respec-
tively; AT = T',, — I'y, wherel',, is the rate of corver

sion of matrix mass(per unit volume of total mixture) into

fluid andT' is therateof corversionof fluid into matrix [see
alsoMcKenzie 1984;Spieggelman 1993a,1993b,1993c).In

usingthesecorversionratesone musttake careto include
themin the derivation of ary subsequentelationsthat use
themassconserationequations.

2. Themomentumor force balanceequationsalsoyield
two alternatesetsof equationspnedescribinghedynamics
of thetwo phases

0=—¢[VPs+psgz] + V - [¢p7]
+ cAv + ¢[APV @ + V(oa)] (74)
0=—(1-9¢)[VPn+pmgz]+V -[(1-¢)T,,]

— ¢Av + (1 - ¢)[APV$ + V(oa)] (75)

where

2
Ty = py (va +[Vv] - 3V- Vfl> (76)

2
T, = tim (va +[Vval' -3V le) .7

We canalsoadd(74) and(75) to obtainthetotal or mixture
forceequation

0=-VP+V-7—pgz+ V(ca) (78)

andfind ¢x(75)—(1 — ¢)x(74) to obtainaforce-difference
or “action-reaction’equation

0=—¢(1—¢)[VAP + Apgz]

+ V-[6(1 - 9)AT] —7-Vg—cAv.  (79)
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3. The enegy equationis separatednto two coupled
equationgepresentinghe evolution of thermalenegy and
rateof work doneon theinterface:

_fT D [(do
"o 1D (d—Ta)ZQ‘V'q
Do\’
+(1-f)+B (Dt) (80)
Dy Da Dg\’

wherewe have rewritten (66) to emphasizehatit is invari-
ably arelationfor AP; again,we canassumdor simplicity
thatB = K,(us + pm)/[¢(1 — ¢)] with K, ~ O(1).

7. Discussionand Conclusion

7.1. SurfaceEnergy Scalesfor Geophysical Applications

The scaleof the surfaceenegy density or equivalently
thesurfacetensionforce perareagoesasca,. As discussed
in section2.2.1,a,, ~ 106 m~! for a mixture with micron-
sizedporesandgrains. For silicatesin contactwith melt or
water ¢ is typically betweerD.1 and1 J m~2 [Spry, 1983;
Lasaga, 1998], while surface enegies relatedto fractures
canbe muchhigher i.e., from 10 J m~2 to effective values
of nearly 1000 J m—2 [Jaeger and Cook 1979; Atkinson
1987;Atkinsonand Meredith, 1987]. To estimateheimpor-
tanceof surfacetension,oneneedso comparera, to other
relevant forces. The dimensionlessiumberca, /(ApgR)
indicatesthe importanceof surfacetensionwith respecto
the relative buoyang of the two phasesn a systemwith
lengthscaleR. Thenumberra, R/ (1., U) indicategheim-
portanceof surfacetensionrelative to a viscousstressof a
systemwith p,, > uy, avelocity scaleU, andchangesn
velocity over alengthscaleR. Thusfor silicatemelts(Ap
of the order of a few hundredkilogramsper cubic meter),
surfacetensionis potentiallyimportantoverlengthscalesof
afew hundredmetersto a few kilometers[seeRicad etal.,
thisissue).For stresseandmicrocrackingn thelithosphere
(assumingu,, > 1022 Pas,U ~ 5 cm yr—1), surfaceten-
sionforcesarealwaysrelatively small, asis to be expected
(i.e., surface-tension-dviensegregationof rock andfluid in
cracled mediais negligible, exceptfor possibleeffects of
Ostwald ripening[Sleep 1994]); however, the influenceof
surfaceenegy on shearlocalizationand crackingis not so
muchasa driving force but asan intermediaryfor damage
andwealeningof the material[Bercovici etal., thisissue).

7.2. Futur e Applications

Apart from a somevhat differenttreatmentof the pres-
suredrop AP, surface tension, stresstensors,and other
features,our massand momentumequationsdo not dif-
fer greatly from thoseof previous workers [e.g., McKen-
zie 1984; Richter and McKenzie 1984; Spiggelman 1993a,
1993b, 1993c]. However, our proposedenegy equations

provide significantly new physicsanddescribea variety of
effects.Ricard etal. [this issue]andBercovici etal. [thisis-
sue]examinesomeof thesimplestandmostfundamentahp-
plicationsof this theory For example,whenthereis little or
no deformationalwork doneon theinterface(f¥ =~ 0) and
surfacetensiono is temperature-independefite., 5 = 0),
thetemperaturdield hasno effect on the dynamics(except
throughthermalbuoyangy, which we have neglected keep-
ing our phasesstrictly incompressible)andwe canignore
the thermalenepgy equation(80). In this case,we have a
simplerelationbetweersurfacetensionandthe pressurealif-
ference AP, and we canthus examine compactionin the
presencef interfacial surfacetensionwhich hasmary ap-
plicationsto magmadynamicspil migrationandotherprob-
lemsof percolationthrougha deformablematrix. This and
other compactionproblemsare examinedin Ricad et al.
[this issue]. Whenwe assumesignificantviscousdeforma-
tional work on the interface(f¥ > 0) anda temperature-
independent (i.e., 5 = 0), we againhave a decoupled
setof equationsin which the temperature2quationhasno
bearingon the dynamics put the occurrenceof damageand
sheatocalizationis potentiallydramatic.Theseapplications
to damageandsheatocalizationareaddressetly Bercovici
etal. [thisissue].

Appendix A: SurfaceTensionand Energy
Considerations

Al. Effective Surface TensionForce

As shavnin (25), thesurfacetensionforceactingon the
surfacearead A of avolumedV is [, atdl, whereg is the
true surfacetension,C; is the mtersecuonbetweenthe in-
terfaceand § A, d{ is a line elementalong C;, andt is a
unit tangentto the interfaceat the intersection.On the area
elementd A (a small sgmentof § A) is a portion of thein-
tersectioncurve ¢;, andthe surfacetensionforce actingon
this elements [ atde. With isotropy, we assumehatthe
net surfacetensionforce on dA is only normalto this area
elementj.e.,in thex direction(sincewith isotropy thecom-
ponentsof 5t parallelto dA cancelwhensummecbver this
smallarea);in otherwords,

/&fdf:ﬁ/ &t - dl.

i

(A1)

As with other variableswe wish to define an average
surfacetension. Ideally, we would averages over the do-
main on which it exists, i.e., the interfacebetweenphases.
The areaof interface containedwithin the small volume
dAdzx,, (wheredz, is aline elementin the n direction)is
/. (t-n)~'dldz,, assuminglz, is smallenougtthatthein-
terfaceelemenextendsacrosghelengthdz,, beforeleaving
thevolume.By definitionthisinterfaceareais alsoad Adz,

andthus
adA = / ) lde.

(A2)
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Moreover, if we definethefactor

\ [, t-nadc (A3)
[, (t-h)de’
then
/ t - ndl = MadA, (A4)

wheretypically A < 1, althoughit is of O(1); for spherical
fluid poresor matrix grains,asshavn belov, A = 2/3. We
canthenaveragethe surfacetensionover theinterfacearea,
but with a weightingfactorthat facilitatesestimationof the
effective surfacetensionforce;i.e.,

_ [ ot ddldz,
(@) ==

i e a— A5
/., t-Adedz,, (A9

which, cancellingthe dz,, andusing(Al) and(A4), leadsto

M6)andA = / ot -ndl = / Gtdl. (AB)
We definethereducedsurfacetension
o = \@), (A7)

andsummingover all the areaelementdn 6 A, we arrive at
the netsurfacetensionforce on the controlvolume

/ Gtdl = / candA,
C; JA

whichthenleadsto (26).

To illustrate the above formalism, we considera simple
exampleinvolving a randomdistribution of sphericalfluid
pores(or sphericalmatrix grains,either of which represent
isotropic fabric of the mixture). We also assumethe true
surfacetensiong is constant.

Any givenporehasradiusr, andits centeris adistanceh
normalto theareaelementd A (wheredA is assumeanuch
largerthanmr? sothatit samplesasufficientcrosssectionof
pores;seeFigureAl). We assumeh > 0 if it is ontheside
of dA in the+x directionandh < 0 if it is onthesidein the
—n direction(FigureAl). If |h| < 7, thentheporessurface
is cut by the areaelementd A andthe resultingintersection
of thesesurfaceshasa circumferenc@nr/1 — h2/r2. The
unit tangento theinterfaceat this intersections

t = (v/1 = h2/r2)i + (h/r)8,

wheres pointsradially outward from the centerof the in-
tersectioncircle but in the planeof dA (Figure Al1). Thus
the total surfacetensionforce pulling on this intersection
is 2rr(1 — h%/r?)én (sincethe componentn the s direc-
tion vanishesvhenintegratedaroundthe circumferenceof
the interesection).We assumehat any sphericalpore that
intersectsd A hasequalprobability of being centeredary-
wherewithin a distancer on eitherside of dA4, i.e., with

(A8)

(A9)

dA

—>

—f\

Figure Al. Sideview of a crosssectionof an idealized
sphericalpore as discussedn AppendixAl. The poreis

of radiusr centereda distanceh from an areaelementd A

(only a small part of which is marked by the solid vertical

line) on the surfaceof the control volume (a portion of the
control volumeis delineatecby dashedines). Also shovn

arethe relevantunit vectors,i.e., i the unit normalto dA,

t the unit tangentto the sphericalsurfaceat its intersection
with d A, ands theunitvectorpointingradially outwardfrom

the centerof theintersectiortircle in the planeof dA. If the
poreintersectghe controlvolume’s surface,thenh mustbe
within r of dA, i.e.,—r < h < r; asshown, with the pore
centeredo theright of dA, h > 0.

—r < h < +r. Thus,if N (whereN >> 1) is thenumber
of randomlydistributed poresof radiusr centeredwithin a
distancer of theareaelementd A, thenthetotal surfaceten-
sionforceondA is

N [T

4
~1 _ 127,2\n = N
5 27ra (1 — h*/r°)ndh 3N7rran.

(A10)

—-r

Thecenterof theseN spheresrecontainedwithin thevol-

ume2rdA, whichis itself centerecbn theelementdA. Sta-
tistically, however, this volumeintersect2N pores,only N

of which crossthe centerplanewith areadA (i.e.,thereare
N poresintersectingeachof thevolume’stwo outersurfaces
with areadA, assumingthat sincedA > =r2, the other
surfacesarenegligible). Any oneof these2NV poreswhose
centeris h away from thevolume’s centemplane(wherenow

—2r < h < 2r) hasa sggmentof its surfacein the volume
2rd A with area2rr?(2 — |h|/r). Thustheaverageporesur

faceareapartially containedin 2rdA (assumingandomly
distributedpores)s (1/4r) ff; 27r2(2—|h|/r)dh = 27r2.

Thetotal surfaceareaof poresin thevolume2rdA is there-
fore (2N)27r? = 4Nwr2?, which by definition is also
a2rdA. Therefore

2rNr = adA, (A11)
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andfrom (A10) the surfacetensionforceonthe elementd A
is (2/3)6andA; thenetsurfacetensiononthesurfaced A is

thus
/ Gtdl = / candA,
C; §A

wherefor this illustrative examplethe reducedsurfaceten-
sionis

(A12)

p— 2 -

g = 30'

(andsinceg is constantjt is equalto (5)). To confirmthat

this resultis the sameasthe generakelation(A8), oneneed

only determinghefactor) to seeif thereductionin surface

tensionis predictedcorrectly Given N randomlydistributed

sphericalporescenteredvithin a distanceh away from d A,
(A3) yields

2—1\; [, 2mr(1 — B2 /r?)dh
A= N T
Q_Tf—’l‘ 27T7°dh/

(A13)

=2/3 (A14)
whichshownsthat(A7) is consistentvith (A13) (andlik ewise
(A8) is consistentvith (A12)).

As discussedn section5, the enegy transportlaws in-
volve the interfacial surface enegy per area¢;, which is
relatedto the reducedsurfacetensions and not the true
surfacetensiong; this meansthatthe surfaceenenpy is ef-
fectively underestimatedl he didacticmodelwith spherical
porespresentedibove canillustratethe needfor underesti-
matingthis enegy in orderto beself-consistentlf we move
the areaelementdA in Figure Al a distancedh in the n
direction, thenthe intersectioncurve ¢;, which mustmove
tangentto the spheres surface, undegoesa displacement
dx = (dh/\/1— h2/r2)t. The enegy variation (i.e., the
increasen surfaceenegy within the control volume)asso-
ciatedwith this motionis (using(A9))

h
Ny

wherethefirst integral accountdor the work of the compo-
nentsof the surfacetensionperpendiculato the surfaced A
andthe secondintegral accountsfor the work of the com-
ponentsof the surfacetensionparallelto this surface. The
vectorn is constantandthereforecancommutewith thein-
tegral sign,in contrasto the radial vectors, which depends
onthepositionalonge;. Thereforeusing(A6) and(A7), we
canwrite

dE; = dh / &t -ndl + dh / &t -8dl (A15)

dE; = cadhdA + W
Clearly, adhdA = dA;, which is the changein interface
areaassociatedvith the volume changedhdA. Moreover,
asg is assumectonstantthe true surfaceenegy per area
dE;/dA; = § = ¢ is alsoconstan{seeAppendixA2), and
thusdE; = §;dA;. We canfurtherdefinethereducecenegy
& = o, andthusthe enegy changdrom (A16) is

b an / 5t-8dl.  (A16)
_h2 Ci

&dA; = &dA; + h h2dh / gt-sdl  (A17)

W

or, usingdA; = adhdA,

=&+ (A18)

h ST
AATET T3 /c ot -sdl.
The secondtermin (A18) cannotbe treatedby an average
mixturetheorygiventhelack of generainformationregard-
ing h, t, and§; either one mustadopta specificad hoc
modelof pore geometry(suchasour sphericalpore model
above) andthussacrificegeneralityand materialsymmetry
or onemustincludeanotherstatevariablecorrespondingo
I, &t - § d¢ andthusbefacedwith furtherclosureproblems.
Thisis anexampleof anenegy sourceassociateavith non-
linear fluctuations,leadingto effects suchasdispersionas
discussedn section5 (seeassumptior2, following (55)).
For the sphericalporemodel,{; = (2/3)a, andthe reader
canreadily verify that the integral termin (A18) accounts
for theremaining(1/3)& contrikutionto &;. However, since
the work of the averagedforcesmustcorrespondo a pro-
portionalchangein the averagedenegy, we must,for self-
consisteny, use¢; insteadof &;.

A2. Surfaceand Interface Thermodynamics

The surfaceenegy relationsusedin section5 arisefrom
the basicthermodynamic®f surfaces. For completeness,
we derive the more important conceptsregarding surface
enegy and tension, althoughthesecan be found in most
completetexts on thermodynamic$Bailyn, 1994; seealso
Saffan, 1994].

To begin with, we note that in this appendix,for sim-
plicity, we make no distinction betweentrue, averaged,or
reducedjuantitiesassuminghe samethermodynamicela-
tionsapplyto all. Thusextra notationssuchastilde arenot
used.

Within a two-phasemixture the interface betweenthe
phasess treatedas a third phasewith its own enegy E;
andentropy S;. Giventhattheinterfaceis two-dimensional,
its spatialpresencés measuredby aninterfacialarea4; (in-
steadof volume), which is worked on by the surfaceten-
siong (insteadof by pressurehowever, asdefined,surface
tensionactsto reducesurfaceareawhile pressurewithin a
volumeactsto expandthe volume;thusin fact, o replaces
—P).

For simplicity, we assumehatthe interfacehasno mass
andthus no particlesof its own (seediscussionby Bailyn
[1994, chapter7]). We also assumethat the interfaceand
the two phasedave the sametemperaturdi.e., they arein
thermalequilibriumwith eachother)andthatover the con-
sideredvolumesthe temperaturés predominantlyuniform
[Bailyn, 1994].

The interface has the standardthermodynamiaelation
(i.e., the combinedfirst and secondaws of thermodynam-
ics)

dE; = TdS; + odA; (A19)

and(by anexpansionof the scaleof the system[seeBailyn,
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1994])anEulerequation

which togethelyield the Gibbs-Duhenrelation
S;dT' + A;do = 0. (A21)
From(A21) we seethattheentropy perareais
do
8; = SifAi = 9 (A22)
andthustheenepgy perareais
0o
§i=Ei/Ai=o0— TB_T’ (A23)

which we employ in section5. Moreover, substitutionof
s;A; and¢; A; into (A19) leadsto do = (0o /0T')dT, which
shavsthato is only afunctionof 7.

From thesebasicthermodynamiaelationswe can also
seewherethe surfacetensionequilibrium equationcomes
from, along with its limitations. The sum of (A19) with
the analogougelationsfor the two phasegwhoseindivid-
ual compositionsarefixed)

dE; = TdS; — P;dV; (A24)

(where,aswith therestof this paperwe usej = f orm to
representhe two phasesyivesthe variationin total enegy
as

dEtot = TdStot + O'dAZ - Pdef - Pdem, (A25)

whereE = Er + E,, + E; andsimilarly for Sgo¢. Equi-
librium occurswhen total enegy is minimized and thus
dE = 0. Thesurfacetensionrelationalsoderivesfrom
the assumptionthat equilibrium is reachedisentropically
andthusdS;,; = 0 aswell. To simplify matters,we con-
siderthatthevariationsin the volumesof eachphasearenot
dueto changesn densitybut dueto changesn mixturera-
tios andthat the total volume of the systemremainsfixed
at Vot (imaginearigid containerbeingfed by two different
fluids from separaténlet pipeseachat their own pressure).
The mixture ratio is representedby the volumefractionsof
phasef (thefluid) ¢ andof phasen (thematrix)1—¢, which
arevariable;the phasesvolumesarethusV; = ¢V, and
Vin = (1 — ¢)Viot. In this case the equilibrium condition
leadsto

odA; + (Pm — Pf)Viordg = 0. (A26)
Keepinge andthepressure$ixedoverincrementacthanges
in ¢ and A;, we thus seekthe mixture ratio which yields
equilibrium;thatis, the¢ atwhich any work by thepressures
(againsteachother)to changeg further would be balanced
by the work doneby the surfacetensionto resistchange
in the interfacial area. Assumingthat we can expressthe
interfacearea 4; in termsof an areadensity o, we write
A; = aViey; in this casethe equilibriumconditionleadsto

oa
whichis analogougo our equilibrumsurfacetensionequa-
tion (40) assuminghatc is only afunctionof ¢.

(A27)

Appendix B: Inter phasePressue Difference
and a Simple Micr omechanicalModel of Pore
Collapse

We considera simple model of viscouscollapseof dis-
persedoores(or grains)in orderto estimatetherelationbe-
tweenthe interphasepressuredifference AP and viscous
flow. Surfacetensioneffectsareneglected;the simplepore
or grain geometryis assumedo be consered during col-
lapse,andthuswe ignorelarge-scaleshearstresseaswell
(i.e.,thematrixis only compactingpr dilating uniformly un-
deranisotropicstress).We assumehatporesaredispersed
enoughso thatwe canconsidera single pore unafectedby
the collapseof otherpores;ithuswe assumeporosity¢ < 1.
As poresare squeezednd drained,we mustallow for in-
terconnectednessf fluid pathways therebyexcluding iso-
lated sphericalpores. Thus, for simplicity, we considera
cylindrical pore of radius R thatis much smallerthan its
length so thatit can be treatedas an infinitely long cylin-
der. (This approachs similar to that consideredy Fowler
[1984] basedon ananalysisof boreholesn glaciersby Nye
[1953].) The cylindrical poreis filled with incompressible
fluid of viscosityuy andsurroundedy incompressiblena-
trix of viscosity u,,,. We further assumeconstantpressure
fields Py and P, for thefluid andmatrix, respectrely, and
thatthe cylinder’s radiusremainsconstantalongits axis. In
this case,the equationsof motion for creepingflow allow
afluid velocity in the axial directionof wy = Wz (where
z is the along-axisdistance)andin the radial direction of
uy = —Wr/2 (r is radial distance) whereW is anasyet
unspecifiedconstant. We assumeamatrix motionis primar
ily radial asit squeezeshe poreandby massconseration
hasmotionu,, = —W R?/(2r). (This velocity is only ap-
proximatesinceit doesnot matchthe axial fluid velocity at
theinterface althoughit doesmatchthefluid shearstressat
the interface.) Continuity of normal stressat the interface
prescribeshat

AP = P, — Py = (g + pim)W. (B1)

If we definethe porosityas¢ = AZnR?/AV (whereAZ
is thealong-axidengthof asegmentof theporeandAV isa
volumecontainingonly this poresegment)andnotethatthe
radialvelocity attheinterfaceis us(R) = u.,(R) = dR/dt,
thenW = —¢~1d¢/dt leadingto

_us + pm) do
¢ dt’

We canapplythesymmetricdevelopmento disperseaylin-
drical matrix grains(wherel — ¢ <« 1) to arrive at

AP = (B2)

_ (Nf+um) d¢

A materiallyinvariantrelationthat accountsor both limits
of > 0andgp — 1is

(B3)

AP:_(Nf"'Nm)@

o0—9) di’ (B4)
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Similar developmentsanbe madefor poresof othersimple
geometriesin generalwe canadopttherelation

(g + pm) do
¢(1—¢) dt’
where K, is a dimensionlesgonstantof O(1) accounting
for unknavn poregeometryandinterfacetopology In our
continuumtheorywe mustreplaced¢/dt with a materially
invariant material derivative, and as shovn by thermody-
namicconsiderationin section5, this would be D¢/ Dt.

AP = -K, (B5)

Acknowledgments. Thiswork benefitedrom helpfulreviews
by NormanSleep,Neil Ribe, Ulrich Christensenandtwo anory-
mousreviewers. We are also grateful for invaluablediscussions
with Dan McKenzie,Rodegy Batiza, Geoge Bergantz,Craig Bina,
andKlaus RegenaueiLieb. Supportwas provided by NSF (grant
EAR-9458405) the CentreNationalde la Recherchéscientifique
(CNRS),andNASA (HPCCgrantNCCS5-147).

References

Ashby M.F., and C.G. Sammis,The damagemechanicsof brit-
tle solidsin compressionPure Appl. Geophys.133 489-521,
1990.

Atkinson, B.K., Introductionto fracture mechanicsand its geo-
physicalapplicationsjn Fracture Medanicsof Rod, editedby
B.K. Atkinson,pp. 1-26,Academic,SanDiego, Calif., 1987.

Atkinson,B.K., andP.G. Meredith,Experimentafracturemechan-
ics datafor rocksandminerals,in Fracture Mecanicsof Rod,
editedby B.K. Atkinson, pp. 427-525 Academic,SanDiego,
Calif., 1987.

Bailyn, M., A Surve of Thermodynami¢sAm. Inst. of Phys.,
College Park,Md., 1994.

Batchelor G.K., An Introductionto Fluid Dynamics Cambridge
Univ. PressNew York, 1967.

Bear J., Dynamicsof Fluids in Porous Media Dover, Mineola,
N.Y., 1988.

Bennon,W.D., and F.P. Incropera,The evolution of macrosgre-
gationin statically castbinary ingots, Metall. Trans. B, 18,
611-616,1987.

Bercwici, D., Generatiorof platetectonicdrom lithosphere-mantle
flow andvoid-volatile self-lubrication,Earth Planet. Sci. Lett.,
154, 139-151,1998.

Bercuwici, D., Y. Ricard,andG. Schubert A two-phasemodelof
compactionand damage 3, Applicationsto shearlocalization
andplateboundaryformation,J. GeophysRes, thisissue.

Berg, J.C.,A. Acrivos, and M. Boudart, Evaporatve corvection,
Adv Chem.Eng, 6, 61-123,1966.

Biot, M.A. Generaltheory of three-dimensionatonsolidation J.
Appl. Phys., 12, 155-164,1941.

Birchwood, R.A., andD.L. Turcotte,A unified approachto geo-
pressuring,low-permeabilityzone formation, and secondary
porositygenerationn sedimentanpasins,J. GeophysRes. 99,
20,051-20,0581994.

CardinP,, H.-C. Nataf,andP. Dewost, Thermalcouplingin layered
corvection: Evidencefor an interface viscosity control, from
mechanicaéxperimentsandmaiginal stability analysis,J. Phys.
I, 1,599-622,1991.

ChrysochoosA., andG. Martin, Tensiletestmicrocalorimetryfor
thermomechanicabehaiour law analysis,Mater Sci. Eng,
A108 25-32,1989.

19

ChrysochoosA., O. Maisonneug, G. Martin, H. CaumonandJ.C.
ChezeauxPlasticanddissipatedvork andstoredenegy, Nucl.
Eng Design,114, 323-333,1989.

ChrysochoosA., H. Pham,andO. Maisonneue, Enegy balance
of thermoelastianartensitetransformationunder stress,Nucl.
Eng Design,162 1-12,1996.

Drew, D.A., Averagedfield equationsfor two-phasemedia, Stud.
Appl. Math.,50, 133-166,1971.

Drew, D.A., andS.L. PassmanTheoryof Multicomponenfluids,
Appl. Math. Sci. vol. 135, SpringerVerlag,New York, 1999.
Drew, D.A., and L.A. Sayel, Averagedequationsfor two-phase

flows, Stud.Appl. Math.,50,205-2571971.

Farren,W.S., and G.I. Taylor, The heatdevelopedduring plastic
extensionof metals,Proc. R. Soc. London,Ser A, 107, 422—
451,1925.

Fowler, A.C., Onthetransporiof moisturein polythermalglaciers,
GeophysAstrophys.Fluid Dyn.,28,99-140,1984.

Fowler, A.C., A compactiormodelfor melttransportn theEarth's
asthenospherpartl, Thebasicmodel,in MagmaTransportand
Storage, editedby M.P. Ryan,pp.3-14,JohnWiley, New York,
1990a.

Fowler, A.C., A compactiormodelfor melttransportn theEarth's
asthenosphereart Il, Applications,in Magma Transportand
Storage, editedby M.P. Ryan,pp.15-32 JohnWiley, New York,
1990b

Furbish,D.J.,Fluid Physicsin Geolayy, Oxford Univ. PressNew
York, 1997.

GanesanS.,andD.R. Poirier, Conseration of massandmomen-
tum for the flow of interdendriticliquid during solidification,
Metall. Trans.B, 21, 173-181,1990.

Gidaspwv, D., MultiphaseFlow and Fluidization Academic,San
Diego, Calif., 1994.

Griffith, A.A., Thephenomenomwf ruptureandflow in solids,Phi-
los. Trans.R. Soc.London,Ser A, 221, 163-198,1921.

Groenavold, J.,andD. BedeauxMicroscopicintegral relationsfor
the curvaturedependensurfacetensionin a two-phasemulti-
componensystemPhysicaA, 214, 356-378,1995.

HansenN.R., andH.L. Schreer, Thermodynamicallyconsistent
theoriesfor elastoplasticitycoupledwith damage,in Damage
MedanicsandLocalization editedby J.W. JuandK.C. Valanis,
pp.53-67Am. Soc.of Mech. Eng.,New York, 1992.

Harte,B., R.H. Hunter andP.D. Kinny, Melt geometry movement
andcrystallization,in relationto mantledykes,veinsandmeta-
somatism,Philos. Trans. R. Soc. London,Ser A, 342, 1-21,
1993.

Hill, C.D., A. Bedford, and D.S. Drumheller An applicationof
mixture theory to particle sedimentation,). Appl. Medh., 47,
261-265,1980.

Hills, R.N., D.E. Loper, and PH. Roberts,A thermodynamically
consistentmodelof a mushyzone,Q. J. Medh. Appl. Math, 36,
505-539,1983.

Hills, R.N., D.E. Loper, and PH. Roberts,On continuummodels
for momentumheatandspeciegransportin solid-liquid phase
changesystems|nt. Commun.Heat MassTransfer 19, 585—
494,1992.

Ishii, M., Thermo-FluidDynamicTheoryof Two-Phase-low, Ey-
rolles, Paris,1975.

Jager, J.C.,andN.G.W. Cook, Fundamental®f Rok Medanics
3rded.,ChapmarandHall, New York, 1979.

Landau.D., andE.M. Lifshitz, Fluid Medanics 2nded.,Pega-
mon,New York, 1987.



BERCOVICI ETAL.: TWO-PHASECOMRACTION AND DAMAGE, 1, THEORY 20

LasagaA.C.,Kinetic Theoryin theEarth SciencesPrincetoriJniv.
PressPrincetonN.J.,1998.

Leal, L.G., Laminar FLow and Corvection TransportProcesses
Butterworth-Heinemannwoburn, Mass.,1992.

Lemaitre, J., A Course on Damae Medanics SpringefVerlag,
New York, 1992.

Lemonds,J.,andA. NeedlemanFinite elementanalysef shear
localizationin rate and temperaturedependentolids, Med.
Mater, 5, 339-361,1986.

Loper, D.E., A nonequililbriumtheory of a slurry, Continuum
Med. Thermodyn.4, 213-245,1992.

Loper, D.E., and PH. Roberts,On the motion of an iron-alloy
corecontainingaslurry, I, Generatheory GeophysAstrophys.
Fluid Dyn.,9, 289-321,1978.

Lyakhorsky, V., Y. Ben-Zion,andA. Agnon, Distributeddamage,
faulting, and friction, J. Geophys. Res.,102 27,635-27,649,
1997.

Mathur, K.K., A. NeedlemanandV. Tvergaard,Threedimensional
analysisof dynamicductilecrackgrowth in athin plate,J. Med.
Phys.Solids,44, 439-464,1996.

McKenzie,D., The generatiorandcompactiorof partially molten
rock, J. Petrol., 25, 713-765,1984.

Ni, J.,andC. Beckerman A volume-aeragedwo-phasenodelfor
transporphenomenduringsolidification,Metall. Trans.B, 22,
349-361,1991.

Nye, J.F, The flow law of ice from measurements glaciertun-
nels, laboratoryexperimentsand the Jungfraufirnboreholeex-
periment,Proc. R. Soc.London,Ser A, 219 477-489,1953.

Osmolwski, V. G., Dependencef an equilibrium stateof a two-
phasemediumonthesurfacetensioncoeficientandonthetem-
perature.J. Math. Sci.,84, 898-910,1997.

Poirier, D.R., PJ. Nandapurkarand S. GanesanThe enegy and
soluteconseration equationgor dendritic solidification, Met-
all. Trans.B, 225 889-900,1991.

Povirk, G.L., S.R.Nutt, andA. NeedlemanContinuummodelling
of residual stressesn metal-matrix composites,in Residual
Stressin Compositeseditedby B.V. BarreraandV. Dutta,pp.3-
23,TMS, New York, 1994.

Ribe, N.M., The deformationand compactionof partial molten
zonesGeophysJ. R. Astron. Soc.,83, 487-501,1985.

Ribe, N.M., Theory of melt segregation—Areview. J. \olcanol.
GeothermRes. 33, 241-253,1987.

Ricard,Y., D. Bercwici, andG. SchubertA two-phasemodelof
compactioranddamage, Applicationsto compactiondefor
mation,andthe role of interfacial surfacetension,J. Geophys.
Res, thisissue.

Richter FM., andD. McKenzie,Dynamicalmodelsfor melt seg-
regationfrom adeformablematrix, J. Geol.,92, 729-740,1984.

Safran,S.A., Statistical Thermodynamicef Surfaces|nterfaces,
and Membanes Addison-Weslg/-Longman, Reading,Mass.,
1994.

Schmeling H., Partial melting and melt segregationin a convect-
ing mantle,in Physicsand Chemistryof Partially MoltenRods,
edited by N. Bagdassang D. Laporte, and A.B. Thompson,
Kluwer Acad.,Norwell, Mass. pp.141-1782000.

Scott,D.R., The competitionbetweenpercolationand circulation
in a deformableporousmedium,J. Geophys.Res.,93, 6451—
6462,1988.

Scott,D.R., andD.J. Stevenson,A self-consistentmodelof melt-
ing, magmamigration,andbuoyang/-drivencirculationbeneath
mid-ocearridges,J. GeophysRes. 94, 2973-29881989.

Sgyall, P, andJ.R.Rice,Dilatang/, compactionandslip instability
of afluid-infiltratedfault, J. GeophysRes. 100 22,155-22,171,
1995.

Sleep,N.H., Grain size and chemicalcontrolson ductile proper
tiesof mostly frictional faultsat low-temperaturdwydrothermal
conditions,Pure Appl. Geophys.143 41-60,1994.

Sleep,N.H., Ductile creep,compactionandrate andstatedepen-
dentfriction within majorfaults,J. GeophysRes., 100, 13,065—
13,080,1995.

SleepN.H., Applicationof aunifiedrateandstatefriction theoryto
themechanic®f faultzoneswith strainlocalization,J. Geophys.
Res. 102 2875-28951997.

Sleep,N.H., Rake-dependentate and statefriction, J. Geophys.
Res.103 7111-7119,1998.

Spiggelman,M., Flow in deformableporousmedia,part1, Simple
analysis,J. Fluid Med., 247, 17-38,1993a.

SpiggelmanM., Flow in deformablgyorousmedia,part2, Numer
ical analysis—theelationshippetweershockwavesandsolitary
waves,J. Fluid Med., 247, 39-63,1993b

Spiggelman,M., Physicsof melt extraction: Theory implications
andapplications Philos. Trans. R. Soc. London,Ser A, 342,
23-41,1993c.

Spry A., MetamorphicTextures 353pp., Pegamon,New York,
1983.

Stevenson,D.J.,Ontherole of surfacetensionin the migrationof
meltsandfluids, GeophysRes.Lett., 13, 1149-11521986.

Straub J., Therole of surfacetensionfor two-phaseheatandmass
transferin the absencef gravity, Exp. ThermalFluid Sci., 9,
253-273,1994.

Taylor, G.1.,andH. Quinnegy, Thelatentenegy remainingin metal
aftercoldworking, Proc. R.Soc.London,Ser A, 143 307-326,
1934.

Tiller, W.A., The Scienceof Crystallization: Microscopiclnterfa-
cial PhenomenaCambridgdJniv. PressNew York, 1991a.
Tiller, W.A., TheSciencef Crystallization: MacroscopicPhenom-
enaand DefectGeneation, CambridgeUniv. PressNew York,

1991b

Turcotte,D.L., andJ. PhippsMorgan, The physicsof magmami-
gration and mantle flow beneatha mid-oceanridge, in Man-
tle Flow and Melt-Geneation at Mid-OceanRidges, Geophys.
Monayr. Ser, vol. 71, editedby J. PhippsMorgan,D.K. Black-
man, and J.M. Sinton, pp.155-182,AGU, Washington,D.C.,
1992.

D. Bercovici, Departmentof Geology and Geophysics,
Yale University, PO. Box 208109,New Haven, CT 06520-
8109. (david.bercoici@yale.edu)

Y. Ricard, Laboratoiredes Sciencesde la Terre, Ecole
Normale Superieurede Lyon, 46 allée d'ltalie, F-69364
Lyon, Cede 07, France.(ricard@ens-lyon.fr)

G. Schubert,Departmentof Earth and SpaceSciences,
University of California, Los Angeles, 595 Circle Drive
East,Los Angeles,CA 90095-1567(schubert@ucla.edu)

Receved July 27,1999; revisedNovember6, 2000; acceptedNovem-
ber16,2000.

This preprintwas preparedwith AGU’s IATEX macrosv5.01, with the
extensionpackageAGU*’ by P W. Daly, version1.6bfrom 1999/08/19.



