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Abstract

One of the more enigmatic features of the Earth’s style of mantle convection is plate tectonics itself, in particular the
existence of strike-slip, or toroidal, motion. Toroidal motion is uncharacteristic of basic thermal convection, but necessarily
forms through the interaction of convective flow and nonlinear rheological mechanisms. Recent studies have implied that the
empirically determined power-law rheologies of mantle silicates are not sufficient to generate the requisite toroidal motion.
A simple source—sink model of mantle or lithospheric flow shows that dynamic self-lubrication, which arises through the
coupling of viscous heating and temperature-dependent viscosity, is highly successful at generating strike-slip motion. In
particular, as the viscosity of the fluid system becomes more temperature dependent, the toroidal flow field makes an abrupt
transition from a state of weak, unplate-like motion to a state with intense and extremely focused structure. In essence, the

fluid dynamical model develops strike-dlip faults.
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1. Introduction
1.1. The plate generation problem

Plate tectonics is generally recognized as the sur-
face expression of therma convection in the
mantle—lithosphere system [1]. However, one of the
most important yet elusive goals of geodynamics and
tectonophysics is the self-consistent unification of
the physical theories of plate tectonics and mantle
convection. Efforts toward unification have generally
been taken with two different approaches. The first
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approach examines plate—mantle coupling; the sec-
ond approach treats the plate generation problem
itself. Plate—mantle coupling studies examine how
mantle flow interacts with over-riding plates that
have a given geometry [2—6] or with a lithosphere
that has prescribed weak zones [7,8]. Plate genera-
tion studies investigate how the plates and plate
margins themselves are naturally generated (i.e., as
self-organizing structures) from the nonlinear dy-
namics of the mantle—lithosphere system [9-14].
One of the primary features of plate tectonics not
readily generated by basic convective theory is
toroidal or strike-slip motion. Toroidal motion ac-
counts for a major portion of the Earth's surface
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deformation [2,15-18] but is, in fact, essentially
nonconvective. That is, it involves only horizontal
flow and is thus not directly driven by buoyancy
forces and does not transport heat or mass out of the
Earth’s interior. Without toroidal flow, motion at the
Earth’s surface would be entirely unplate-like; that
is, it would appear like the top of a simple convect-
ing fluid, with only convergent and divergent fea-
tures, no strike-slip margins and broadly distributed
deformation. In short, toroidal motion is an integral
feature of the plate-like behavior of the Earth’'s
surface and thus knowledge of how toroidal motion
is excited in the mantle—lithosphere system is key to
understanding how plates are generated. (It is impor-
tant to note that toroidal motion cannot be explained
as being caused by the plates; this is a tautology
equivalent to claiming that plate-like motion is due
to the existence of plates).

1.2. Dynamic self-lubrication

The most fundamental clue as to the origin of
toroidal flow is that, in highly viscous media such as
the mantle, toroidal motion can only arise through
the coupling of basic convective flow (called poloidal
motion, which involves upwellings, downwellings
and divergent/convergent motion at the surface)
with a spatially variable viscosity [9,12,13,19,20].
(To a large extent, the fluid model of the mantle—
lithosphere system is the simplest possible paradigm
for describing irrecoverable deformation; this model
only crudely represents nonfluid behavior at plate
margins, such as brittle failure, through spatial and
temporal averaging). The standard silicate viscosity
is indeed variable by virtue of temperature, pressure
and stress dependence. However, this rheology ap-
pears to permit very little toroidal motion in basic
Boussinesg (nearly incompressible) convection
[19,21]. It has aready been shown [12,13] that, in
simple models of lithosphere—mantle flow, plate-like
toroidal motion is best obtained with a self-lubricat-
ing stick—slip rheology (wherein both the fluid vis-
cosity and the very resistance to flow itself decrease
with increasing deformation rate). Although the
stick—dlip rheology is purely hypothetical, it is based
on the feedback between frictional heating and ther-
moviscous behavior (i.e., temperature-dependent vis-

cosity) [22]. The essence of such a feedback mecha-
nism is that as the medium is deformed more rapidly
it becomes hotter and weaker, and thus more readily
deformed [23]. The stick—slip rheology itself approx-
imates this feedback mechanism through a stress—
strain-rate constitutive law but, in so doing, assumes
all processes are one-dimensional (1-D) and steady
state; that is, 1-D conductive heat loss instanta
neously removes frictional heating [22]. We therefore
refer to the stick—dlip rheology as simple self-lubri-
cation. When heat transport is rigorously accounted
for, with three-dimensionality, nonlinear advection
and time dependence, the feedback mechanism has
even greater potential for generating rich, complex
behavior; in this case we refer to the feedback
mechanism as dynamic self-lubrication.

As with simple self-lubrication, the more physi-
cally rigorous and self-consistent dynamic self-lubri-
cation is likely to play an important role in the
generation of plate-like toroidal motion. Dynamic
self-lubrication in non-Boussinesq convection has
been found to lead to a variety of important phenom-
ena [24-27] and, in particular, as shown by Bal-
achandar et a. [28], to enhance the generation of
toroidal motion in three-dimensional flows. Indeed,
Bercovici [14] proposed that the purpose of the
seemingly superfluous toroidal motion is closely tied
to the generation of viscous dissipation, a key ingre-
dient of dynamic self-lubrication. These various stud-
ies all suggest that the extremely fundamental pro-
cess of dynamic self-lubrication (i.e., the feedback
between viscous heating and thermoviscous behav-
ior), plays an important role in the generation of
plate-like flows.

In this paper, we demonstrate that a simple model
of mantle—lithosphere flow with dynamic self-lubri-
cation leads to more plate tectonic-like toroidal mo-
tion than in any other fluid dynamical model to date.
In this model, convective (poloidal) motion is pre-
scribed by driving lithospheric surface flow with
sources and sinks (analogous to ridges and subduc-
tion zones, respectively); toroidal motion arises from
the interaction between this poloidal flow and dy-
namic self-lubrication. We are most concerned with
the fundamental structure and origin of strike-slip
plate margins, and not the overall plate geometries
themselves; thus a very simple source—sink geome-
try is used to focus on the basic physics.



D. Bercovici / Earth and Planetary Science Letters 144 (1996) 41-51 43

2. Theory

We drive purely two-dimensiona horizontal flow
in a thin, incompressible viscous layer with a simple
source—sink field [12,13]. The fluid motion generates
viscous heating which leads to temperature anoma-
lies and thus a laterally heterogeneous viscosity field
(since the fluid viscosity is temperature dependent).
The coupling between viscosity gradients and the
divergent/convergent flow provides a source for
toroidal (strike-dlip) motion. Here we briefly present
the essential dimensionless equations of the theory
and defer to Bercovici [12,13] and the Appendices
for a more complete discussion.

Horizontal two-dimensional flow in cartesian co-
ordinates is represented by the horizontal velocity
vector:

V=V + WV, X (42) (1)

where 'V, is the horizontal gradient, ¢ is the poloidal
scalar potential,  is the toroidal stream function,
and Z is the unit vector in the vertical direction. The
source—sink field is simply a prescribed horizontal
divergence which yields an equation for ¢:

Pe
Vo V= thd’:?S( X,Y) (2

where Pe is the Peclet number, which here deter-
mines the velocity of the source—sink flow (see
Appendix B and Appendix E), 8 is the half-width of
either the source or sink (see Appendix B), and
9(x,y) is a function which defines the shape of the
source—sink field (see Appendix B and the top frame
of Fig. 1). The stream function, s, is found through
the equation of motion for shallow-layer creeping
flow with variable viscosity; as shown in [12] this
leads to:

Va4 2V - VA + A A*.,y+4ﬂ i
) hM ViV m axdy axay
5V X VT 24 TPy
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Z:Vh e Who Maxay axay ¢
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where . is the temperature-dependent viscosity and
A* = (9%)/(0x?) — (8%) /(9y?). For the sake of sim-
plicity, and to display the minimum possible level of

nonlinearity and complexity in the fluid system, we
use a linear dependence of viscosity on temperature
(see Appendix C):

w(O®)=1-v0 (4)

where v controls the degree of temperature depen-
dence (see Appendix E) and O is the temperature
anomaly. The evolution of ® is governed by a
simple transport law with viscous dissipation (see
Appendix D):

90

where &? is the second strain-rate invariant (see [12]
and Appendix D).

Note that O isthe temperature anomaly above the
background temperature field of the model litho-
sphere; it therefore does not represent the total tem-
perature one might observe (see Appendix D). More-
over, the temperature anomalies are very small in
magnitude when the fluid viscosity is highly temper-
ature dependent. This result is found a posteriori in
the numerical experiments, but can also be seen by a
simple scaling analysis of Eq. (5). Such an analysis
shows that:

'e2

max ( 6)

1/7+ vequ

max

where the subscript max indicates maximum value
and 7 is the harmonic average of the dimensionless
secular, advective and diffusive time scales for heat
transport. Thus, a very large v will induce a very
small 0., -

The governing equations for our system are EQ.
(2), Eq. (3), Eq. (4) and Eq. (5). These are solved by
a basic spectral-transform method; see Appendix F
and [12,13,28].

3. Numerical experiments

The behavior described by this smple model isin
fact quite dynamic and variable, displaying bifurca-
tions of steady states, and time-dependent solutions.
Here, we only report selected steady solutions which
show the onset of plate-like (i.e., intense and fo-
cused) toroidal motion. Moreover, we use a source—
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sink field that, if perfect strike-dlip margins formed,
would yield a simple square plate [29]. Plate-like
motion in this simple model is indicated by the
following:

1. A toroidal-to-poloidal kinetic energy ratio:

JaVhib - Viibdxdy
JaVh@ - Vi pdxdy

(where A is the area of the two-dimensional
domain) that is of order unity, as with idealized
square plates [29] and the Earth's present-day
plate motions [2,16];

2. A rectangular field of paralel, equal-length veloc-
ity vectors, which represents nearly solid body
motion of material from the source to the sink;

3. Narrow, intense bands of vertical vorticity:

KE/KEp = (7)

w, =2 VyxXv,= -V (8)

where w, is equivaent to the rate of strike-dlip

shear, thus its organization into narrow bands

indicates the formation of thin strike-slip margins.

4. A uniform viscosity pseudo-plate surrounded by a
contiguous lower viscosity margin. In the present
model, this condition is equivalent to a relatively
cool pseudo-plate surrounded by a contiguous,
uniformly ‘hot’ margin (i.e., of higher tempera-
ture than the background thermal state).

The ranges of values for Pe and v relevant for the
Earth are approximately 1 < Pe< 100 and 10 < v <
107 (see Appendix G). Here, we use Pe=1 and
& =2 (i.e, asource and sink each with a width that
is 2/3 to 1/2 of the fluid layer thickness; see
Appendix E) and determine the effect of making the
viscosity increasingly temperature dependent (i.e.,
increasing v) on the toroidal motion. For a given Pe,
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Fig. 2. Toroidal—poloidal kinetic energy ratio KE; /KEp and
integrated viscous dissipation {j.&2) versus viscosity variability v
for flows driven by the source—sink field of Fig. 1. The bifurca-
tion or transition points are indicated by circles. Bifurcation from
the unplate-like branch to the plate-like one occurs at the right
circle in each plot; the reverse bifurcation (with hysteresis) occurs
at the left circle.

the poloida field ¢ remains unchanged, regardiess
of v.

For v =0, toroida motion does not exist, since
viscosity would be constant; toroidal flow is in fact
still very weak at v=1 (Fig. 1). Toroidal motion
and energy steadily grow with increasing v (Fig. 1
and Fig. 2), yet the toroidal energy appears to satu-
rate (i.e., approaches an asymptotic value) as v —
1010. For the solutions with v < 1010 the toroidal

Fig. 1. Flow and temperature fields for selected steady state solutions discussed in the text. The source—sink field (Pe/3)S(x,y) which
drives the flow is shown in the top frame. Horizontal velocity v;, (Ift column), vertical vorticity (or rate of strike-slip shear) w, (middle
column), and temperature © (right column) are shown for three values of the viscosity variability (indicated at the far left), i.e., one low
value of v, and two values of v on either side of the transition or bifurcation from the unplate-like solutions to plate-like ones. The
minimum and maximum dimensionless values (multiplied by 10%) of each scalar field are shown on the color scales which are stretched to
emphasize nonzero values. Note that positive vorticity represents counter-clockwise rotation or left-lateral strike-slip shear; negative
vorticity is right-lateral strike-slip shear. The maximum velocity vector length represents a dimensionless speed of 0.94, which is 94% of the
speed of the original idealized plate from which the source-sink field was derived (see Appendix E). Although the calculation domain was
—100 < X,y < 100, only the domain within —60 < x,y < 60 is shown (given that the remaining domain contains little or no activity). See

also Appendix F for discussion of the numerical solutions.
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energy is significant, but the actual toroidal fields are
relatively diffuse and unplate-like. Moreover, the
temperature anomalies ® are most concentrated over
the source and sink, and more diffuse over the
strike-slip zones (Fig. 1).

At v = 1020, a bifurcation occurs to a different
branch of solutions (Fig. 2) which persists to higher
v. The high and low v branches display hysteresis
(i.e., they overlap for a finite range of v) which is
characteristic of cubicly nonlinear systems, such as
our model equations. Most importantly, the bifurca
tion a v =1020 marks a dramatic change in the
structure of the toroidal and temperature fields. At
this transition, the toroidal kinetic energy jumps by
amost 50%, and the velocity field becomes much
more plate-like (i.e., it becomes a rectangular patch
of parallel vectors). The temperature anomalies are
as highly (if not more) concentrated around the
strike-dlip margins as around the source and sink;
this yields the desired plate-like viscosity distribution
(i.e,, a uniform, high viscosity plate interior, and
narrow, contiguous, lower viscosity margins).

By far the most remarkable features of the transi-
tion at v = 1020 are: (1) the vorticity or strike-dlip
shear becomes focused into extremely narrow bands;
and (2) the maximum vorticity appears to increase
by more than 1000%. The regions of concentrated
vorticity for the solution with v = 1020, indeed, have
many of the properties of singularities (see Appendix
F). Although the actua numerical values of the
maximum vorticity must, therefore, be interpreted
with caution (Appendix F), such behavior also sug-
gests that the numerical model is attempting to gen-
erate discontinuous plate motion. In essence, the
transition a v = 1020 marks the formation of a
strike-dlip fault in a fluid dynamical system.

4, Discussion and conclusions

In this paper we have used a very ssmple model to
demonstrate that plate-like toroidal motion can be
generated from convective-type (poloidal) flow using
only basic first principles fluid mechanics and ther-
modynamics. In particular, dynamic self-lubrication
(i.e., the feedback between viscous heating and the
temperature dependence of viscosity) is shown to
yield a virtual transform fault in a fluid. However,

this pseudo-fault occurs only after a bifurcation or
transition to a state with fairly high viscosity con-
trasts between cold and hot fluid. These viscosity
contrasts are on the order of 1000, which are well
within reason for Earth-like conditions.

The cause for the transition to plate-like motion
probably lies in the basic thermodynamics of the
overall system. In particular, the surface integrated
viscous heating ( w&*) not only decreases as the
toroidal energy rises, but it drops by a considerable
fraction across the transition to the highly plate-like
state (Fig. 2). The jump to plate-like motion there-
fore appears to occur to lessen the net dissipation of
the mechanical work that is done by the convective
flow in moving material from the source to the sink
(see [14] for more discussion about the reduction of
viscous heating by plate-like toroidal flow).

Although the relatively cold temperatures of the
Earth’'s surface (especialy the sea floor) and high
lithospheric viscosities are likely to put the Earth on
the high v, platelike side of the transition (see
Appendix G), the hotter temperatures and thus lower
lithospheric viscosities of planets such as Venus or
the ancient Earth might place these bodies on the
low v, unplate-like side of the transition. Although
these inferences are based on a very simple model,
the theory presented here may provide some insight
into some of the differences between the tectonic
states of the present-day Earth and Venus or the
ancient Earth.

Finaly, given the suggested importance of dy-
namic self-lubrication and viscous heating for gener-
ating plate-like toroidal motion, it is worth address-
ing the observability of viscous heating at plate
margins. Viscous dissipation is typically discounted
as a negligible effect, mostly because there is no
significant heat flow anomaly at transform faults
where viscous heating would conceivably be greatest
[30]. However, in the dynamic self-lubrication mech-
anism, viscosity . necessarily decreases as deforma-
tion rate &2 increases, and these competing effects
counteract each other’s contribution to viscous heat-
ing. This balance in fact causes the maximum dissi-
pation max( w€?) and thus the maximum tempera-
ture anomay O, to reach asymptotic limits of
(tv)~! and v, respectively, as &2, becomes suf-
ficiently large (see Eq. (6)). For fluids with strongly
temperature dependent viscosity (large v) the asymp-
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totic limits on temperature and heat production are
therefore very small. This can be understood physi-
cally by considering that, for a given strain rate, as
viscous heating generates a thermal anomaly in an
initially isothermal system, the viscosity over the
deforming zone will decrease rapidly, causing the
viscous heating to decrease as well. For large v the
maximum temperature will only reach a very small
value before the viscosity is so reduced that the
subsequently diminished viscous heating can be bal-
anced by thermal diffusion and other transport phe-
nomenon. Thus, for large strain rates and strongly
temperature-dependent viscosity, viscous heating and
associated temperature anomalies are very small in
magnitude (see also Fig. 1 and Appendix G). There-
fore, the temperature and heat flow anomalies due
solely to viscous dissipation would be undetectable
in the background of lithospheric and mantle heat
flow (Appendix G), in agreement with the observa-
tion that heat flow at transform faults is negligible
[30].

Although our model is quite simple and idealized,
it demonstrates that a virtual strike-dlip fault with
negligible heat flow can be generated in a fluid
dynamical system. Though more realistic models are
clearly warranted, the work presented here suggests
that dynamic self-lubrication may be a fundamental
ingredient for the generation of plate tectonics from
mantle convection.
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Appendix A. Modeling consider ations

As shown in Eq. (1), fluid velocity is separated
into poloidal and toroidal parts. Poloidal flow is
driven by a source-sink field and, as shown in Eq.
(3), toroidal flow is driven by the coupling of poloidal
motion to viscosity gradients. Nonzero viscosity gra-
dients are caused by the viscosity’s dependence on

temperature, and temperature anomalies are gener-
ated by viscous hesting.

In the following appendices we first present the
dimensional eguations for the source—sink field and
resulting poloidal field (Appendix B), the tempera-
ture-dependent viscosity (Appendix C), and the evo-
lution of the temperature field (Appendix D); nondi-
mensionalization of these equations is discussed in
Appendix E. The equation governing the toroidal
flow field has been discussed elsewhere [12]; in fact,
Eg. (3) aways appears the same, regardiess of
whether it is dimensional or nondimensional. We
then outline the numerical methods used for solving
the governing equations and discuss the quality and
limitations of the numerical solutions (Appendix P).
Finally, in Appendix G we evaluate the nondimen-
sional control parameters for Earth-like conditions
and discuss the associated value of the nondimen-
sionalizing temperature scale (which determines the
dimensional values of the thermal anomalies and
resulting heat flow anomalies).

Appendix B. The source—sink field and poloidal
flow

We derive a dimensional source—sink function
from the motion of a square plate with sides of
length 2o and margins of finite width 23 (both
presently with dimensional units). We employ an
arbitrary coordinate system, denoted by (X', y'), and
prescribe the plate to move at a dimensional speed V
in the y' direction. Defining the coordinate origin at
the plate’s center, the velocity field of the plate as a
function of X' and Yy is thus Vs(x)s(y)¥ where:

tanh(“—a) —tanh(g_—a)
) )

2tanh( o/ 8)

s(¢)= (9)

The source—sink function is simply the horizontal

divergence of the plate’s velocity; thus the horizontal
divergence of the dimensional fluid velocity v, is:

Vo Vo= Vb=V, (Vs(X)s(Y)¥)

\%
= =sOO(Y) (10)
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where:

) {+a

sech

{—a
_ 2
sech( 5 )

2tanh( e/ 8)

f(¢) = (11)

Eg. (10) therefore provides a governing equation
for the dimensiona poloidal potential ¢. Asin [12],
the X' —y axes are rotated clockwise 45° relative to
the x —y frame of the numerical computations; that
is, (X,y)=(x—y,x+yW2. The rotation of the
plate and hence the source—sink field is done to
avoid roll-like flows caused by the periodic bound-
aries employed in the spectral-transform method (see
Appendix F). Finally, we note that this source—sink
field is chosen because it is derived from motion of a
simple plate; we may thus determine if the applica-
tion of our nonlinear theory can recover, in some
form, the origina plate.

Appendix C. Rheology

Our dimensional viscosity has the simplest possi-
ble temperature dependence:

m(T) = po(1—BT) (12)

where u, is the viscosity when the temperature
anomaly is zero, and B governs the temperature
dependence of the viscosity and has units of K1,
With this rheology, we assume that temperature
anomalies are relatively small (see Appendix G) and
thus we linearize the Arrhenius law for silicate rheol-

ogy.

Appendix D. The temperature equation

The dimensional temperature field, averaged
across the thickness of the fluid layer, is governed by
a simple advection—diffusion equation forced by vis-
cous heating:

oT Ck 2u .
_+Vh' VhTz __ZTJF KVh2T+_ez
ot H pCy

(13)

where T is the temperature anomaly due to viscous
heating; k is thermal diffusivity; H is the thickness

of the fluid layer; p is fluid density; c, is heat
capacity; C is a nondimensional constant, and

93 PE
e? = 2{(—(12 + A

2
2

+ (Vi)

1 2

+ > (Zaxay A ¢) (14)
is the second strain-rate invariant [12]. The first term
on the right of Eq. (13) accounts for diffusive loss
through the bottom and /or top of the fluid layer; for
example, if we assume that T is the verticaly aver-
aged temperature anomaly and that the actual profile
is nearly parabolic or sinusoidal (to match conditions
that T vanishes at the top and bottom of the layer),
then C would be O(10). The last term represents
viscous dissipation. The above equation also implic-
itly accounts for the loss (or influx) of heat due to
the gjection (injection) of viscously heated fluid out
of (in to) the sink (source) region. It is important to
note that T is the temperature anomay above the
background lithospheric temperature field, which we
assume varies on a much broader spatial scale than
does T itself. This assumption is only strictly valid
far away from ridges and subduction zones, but is
sufficiently acceptable given the simplicity of our
model. Moreover, because the only source of heat
for T is viscous dissipation, both the source (ridge)
and sink (subduction zone) will appear ‘ hot’, counter
to our intuition that subduction zones are ‘ cold’. We,
in fact, find, a posteriori, that the temperature
anomalies for strongly variable viscosity are quite
small (see aso Eqg. (6) and Appendix G) and are thus
unlikely to change significantly the background
lithospheric temperature field (thus subduction zones
would continue to appear ‘cold’ even with viscous
heating, as expected).

Appendix E. Nondimensionalization

We nondimensionalize x, y, « and & by H/V/C
(and thus V,, by VC /H), time t by (H?)/(Ck), ¢
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and s both by «, v, by (YC«)/(H), and viscosity
pw by w,. We aso define a dimensionless tempera-
ture such that:
2Cu K
Bl pc,H 2
The dimensiona Eqg. (10), Eq. (12) and Eg. (13)

become the dimensionless governing Eq. (2), Eq. (4)
and Eq. (5), respectively, with control parameters:

T

(15)

2Cuykp VH
=———-and Pe= 16
pCpH2 VCk (16)

(Note that this Peclet number is much smaller
than what is typically used for mantle flow sinceit is
based on lithospheric thickness instead of mantle
thickness). Eq. (3), governing toroidal motion (see
[12]), applies to both the dimensiona and nondimen-
siona formulations. In al calculations shown we use
Pe=1 and, for the source—sink field, o =25 and
d = 2. Note that the dimensionless velocity of the
origina plate is Pe= 1; this velocity can be com-
pared to the fluid velocity generated in our theoreti-
ca model (Fig. 1).

Appendix F. Numerical methods and solutions

The differential equations are solved by a spec-
tral-transform technique. The nonlinear products in
each equation are calculated on an x—y grid, and
these products are Fourier transformed to a spectral
or wave-number domain. These transformed nonlin-
ear terms are then used as forcing functions for the
fourier-transformed linear parts of the relevant equa
tions. Time integration is performed by basic finite
differencing. The calculation domain is —100 < X,y
< 100. See [28] and [12] for examples.

The steady numerical solutions presented in this
paper are al for Pe= 1 and a wide range of v. The
branches of steady solutions represented in Fig. 2
were all found by using the steady solution at a
particular v as an initial condition for a solution at a
neighboring value of v. In this way we marched up
or down in v to map out the steady solutions. The
bifurcation at v = 1020 occurred while marching
upward on the low v branch; the reverse bifurcation
a v =800 was obtained while marching down on
the high v branch.The solutions on the low v un-

plate-like branch were obtained on a 512 X 512 grid;
convergence tests indicate that the solutions shown
do not change at al for grids with resolution finer
than on a 256 X 256 grid. The solutions on the high
v plate-like branch were done with grids up to
1024 X 1024 resolution. The values of the kinetic
energy ratio and net viscous dissipation shown in
Fig. 2 were obtained from solutions on a 512 X 512
grid. The solution for v = 1020 shown in Fig. 1 was
obtained on a 1024 X 1024 grid. Convergence tests
for the plate-like solutions show that global quanti-
ties (such as average kinetic and thermal energy, and
net viscous heating), and the temperature and veloc-
ity fields do not change significantly for grids finer
than a 384 X 384 grid. The contiguous and highly
focused structure of the vorticity concentrations also
remains qualitatively robust and unchanged for grids
finer than a 256 X 256 grid. However, the vorticity
concentrations for the plate-like solutions behave
remarkably like singularities in that the maximum
value of the vorticity does not converge, even up to
1024 X 1024 grids. As one might expect from a
singularity, the maximum vorticity scales amost ex-
actly with an increase in the resolution; for example,
as the grid resolution is moved from 512 X 512 to
1024 x 1024 the maximum vorticity almost exactly
doubles. Therefore, although it is very intriguing that
the fluid dynamica system appears to be generating
singularities in the vorticity field (which one desires
in order to obtain ideal plate-like motion), the maxi-
mum values of vorticity for the v = 1020 solution
(Fig. 1) must be interpreted with caution.

Appendix G. Nondimensional parameter values
and the temperature scale

Earth-like ranges for Pe and v (i.e,, 1 < Pe < 100
and 10 < v < 107) are estimated using C =~ 10, k =
10°°® m?/s, p=23000 kg/m’ and c,= 1000
J/kg/K. For more poorly constrained dimensional
guantities we use 10 km < H < 100 km for litho-
spheric thickness and 1 cm/yr <V < 10 cm/yr for
plate velocity. There are few bounds on ambient
lithospheric viscosity; thus to be safe we use 10% Pa
S<p,<10% Pa s, which contains empirical esti-
mates of 10%® Pa s, based on sedimentary basin
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subsidence [31,32]. Estimates of B from Eq. (12) are
derived using the simple silicate rheological law:

MzﬂoeaT_:m(%/To_l) (17)

where T, is the melting temperature, for which we
use a typical surficial value of 2000 K; moreover,
o = 30, and the lithospheric background temperature
isin the range of 300 K < T, < 1000 K (see [33)). If
T<T, then p= u,(1—BT) where g =aT, /T
thus the values of B lieintherange 0.06 K ' < B <
0.7 K~1.The temperature scale from Eq. (15) is in
fact smply v/B. For the largest v used, the temper-
ature scale lies between 1000 K and 20,000 K.
However, the maximum nondimensional temperature
anomaly O, is approximately 1072 (see Fig. 1),
thus the dimensional thermal anomaly is small (i.e.,
between 1 K and 20 K). (These small thermal
anomalies can generate large viscosity contrasts be-
cause, at the relatively cold temperatures of the
lithosphere, viscosity is much more sensitive to
changes in temperature than it would be in the
deeper mantle; see Eq. (17)). The resulting maxi-
mum heat flow anomaly is thus approximately
pCokv 0, /(BH) which (given the rangesin H and
v/B) lies between 0.03 and 6 mW,/m?, that is,
20-3000 times smaller than the background seafloor
heat flow of approximately 100 mwW /m? [33].
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